I''TABA 3

HepeBba

HepeBbsA PECTABIAIOT COO0M MEPAPXUUECKYIO CTPYKTYPY HEKOM COBOKYIIHOCTH 3JIEMEHTOB.
3HAKOMBIMH BaM MIpPUMePaMU IePEeBbEB MOI'YT CJIYKUTh INeHEaJOTMUYeCKHe W OPraHU3allOH-
Hble aAuarpaMMbl. [[epeBbsl MCIIOJb3YIOTCS IPU AHAIM3E JIEKTPUUYECKUX Ierell, Ipy Ipe.-
CTaBJIEHUU CTPYKTYpP MaTeMaTudecKux (opmys. OHM TaKiKe eCTeCTBEHHBIM ITyTeM BO3HUKA-
IOT BO MHOIMX O0JIACTAX KOMIBIOTEPHBIX HayK. Hampumep, AepeBbsA WCIOIb3YIOTCH MAJIS
opraumsanuu MHQOPMAIMKA B CHCTEMaX yIpaBJeHUA 6asaMU MaHHBIX U IJIA IPEICTaBICHUS
CHUHTAKCUUECKUX CTPYKTYP B KOMIMJIATOPAX IporpamMm. B riaee 5 ommcamno mpuMeHeHUe [e-
PeBBEB [AJIs MPEICTaBIeHUS JAaHHBIX. B 9TOM KHUIEe BbI BCTPETUTECh CO MHOTUMU IIPUMEpaMU
nIepeBbeB. B aT0li ry1aBe MBI BBeIeM OCHOBHBIE OIIpefieieHUsA (TePMUHOJIOTUIO) U IIPEICTaBUM
OCHOBHBIE OII€PATOPHI, BBIMIOJHSIEMbIE HaJ AePeBbAMH. 3aTeM OIUIIeM HeKOTophble HamboJiee
YacToO WCIIOJIb3yeMble CTPYKTYPHI JAHHBIX, MPEACTABISIONIUX IepeBbsd, U IMOKaKeM, Kak
Hambosee 3)eKTUBHO Pean30BaTh OIEePATOPHI JePEeBbEB.

3.1. OcHOBHA S TEPMUHOJIOTUS

IlepeBO — 3TO COBOKYIIHOCTH 3JIEMEHTOB, Ha3bIBAEMBIX y3lamMu (OJUH M3 KOTOPHIX OII-
peneneH KaK KOpeHbv), U OTHOIeHWH (“pOAUTENbCKUX”), 00pa3yIOIIUX HNePaAPXUUECKYIO
CTPYKTYPY V3JIOB. ¥3JIbI, TaK K€, KaK U 9JIEMEHTHI CIIMCKOB, MOTYT OBLITH BJIEMEHTAMU JIIO-
6oro Tuma. MeI yacTo OyaeM m300paskaThb y3Jbl OYKBaMM, CTPOKAMM WJIH uucaamu. Pop-
MaJbHO 0epe8o MOMKHO PEKYPPEHTHO OIPeAeaUTh CIAeAYIONNM 00pasoM.

1. Opun ysesn ABASETCS AePeBOM. JTOT JKe y3eJ TaKyKe SBJSETCS KOPHEM 3TOro JepeBa.

2. Ilycte n — »ar1o y3en, a Ty, Ts, ..., T}, — nepeBbA ¢ KOPHAMU N, Mg, ..., N} COOTBETCT-
BeHHO. MOKHO TIOCTPOUTEL HOBOE [€PEBO, CIeJaB 1 POAUTENEM Y3JI0B M, Mg, ..., Nj. B
aToM gepeBe n Oyaer kKopuem, a Ty, T, ..., T, — noddepesvamu sTOTO KOPHS. ¥ 3JIBI
ni, Mgy ..., N, HABBLIBAIOTCA CbLHOBLAMU Y3Ja M.

YacTo B 9TO OmpefesieHNE BKJIOYAIOT MOHATHE HYJLe8020 Oepesa, T.e. “mepesa” 06e3 ys-
JIOB, TaKoe JepeBO MbI OyaeM 0603HA4YaTh CUMBOJIOM /.

IIpumep 3.1. Paccmorpum orsaBjieHre KHWUTUA, CXE€MAaTUYECKU IIPeACTaBJIEHHOE Ha
puc. 3.1, a. ITo oryaBJeHVE SABJIAETCA AEPEBOM, KOTOPOe B APYroil (hopme IOKasaHO Ha
puc. 3.1, 6. OTHoIlleHre POAUTEIb-CHIH OTOOpaskaeTcad B Buae JUHUU. JlepeBbs OOBIYHO DHU-
CYyIOTCA CBEpXy BHM3, Kak Ha puc. 3.1, 6, Tak, UTO POAUTEJN PACIIOJaraloTcA BbIIIe “meTei”.
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Puc. 3.1. Ozaasaenue kHuzu u ezo npedcmasjenue 8 gude depesa



Kopuem sToro mepeBa sBiaserca ysesnl KHuza, KOTOPBIA MMeeT TPHU IOAJepeBa COOTBET-
cTBeHHO ¢ KopHAMHU .1, I'n.2 u I'n.3. 3T OTHOIIEHUS IIOKa3aHbl JUHUAMU, UAYIIUMHU U3
kopua Kruea ® y3nam I'n.l, I'n.2 u I'n.3. ¥Ysen KHuza aBaserca pomuteiaem y3aoB I'z.1,
I'n.2 u I'n.3, a aTu Tpu ys3jla — ChIHOBbSAMU y3ja KHuza.

Tperbe moagepeBo, ¢ KopHeM [.1.3, COCTOUT M3 OSHOTO y3Ja, OCTaJbHLIE [Ba IOAJepeBa
WMeT HeTPUBUAJIbHYIO CTPYKTYpPy. Hampumep, moamepeBo ¢ Kopuem I'1.2 B CBOIO ouepenb
uMeeT TPHU IOAJepeBa, KOTOpbIe COOTBETCTBYIOT pasmenam Kuuru P.2.1, P.2.2 u P.2.3; mo-
cJaemHWEe OBa MOAJepeBa MMEIOT IO OJHOMY y3Jy, B TO BpeMs KaK IIepBoe MMeeT aBa IOfI-
IepeBa, COOTBETCTBYIOIME moapasgenaam kuuru P.2.1.1 u P.2.1.2. O

IIpumep 3.1 moKasbIBaeT TUMUYHBIE NAaHHBbIE, AJS KOTOPBIX HAWJIYYININUM IIpPEICTABJIE-
HHUEM OyAyT ImepeBbA. B aTOM IpuMepe pOAUTENLCKHE OTHOIIEHUA yCTAHABJIMBAIOT ITOIUM-
HEHHOCTH IJIaB U PAas/esioB: POAUTEJLCKUI y3es CBS3aH C y3JaMU ChIHOBell (1 yKasbhIBaeT
Ha HUX), Kak ysea Kuueza nomuumHser cebe yauabl I's.l, I'n.2 u I'n.3. B aT0li KHUre BBI
BCTPETUTE MHOTO Pa3JMYHBIX OTHOIIEHUI, KOTOPhIe MOYKHO IPEACTABUTL C IIOMOIIBIO PO-
IUTEeJIbCKUX OTHOIIEHUH U MOJUNHEHHOCTH B BHUIE JePEBhEB.

ITymem u3 y3na ny 6 ys3es n;, HAZBIBAETCS IIOCJIELOBATEILHOCTb Y3JIOB 11, Mg, ..., Mp,
rae nud Bcex i, 1 <i <k, ysen n; aBideTcd PoguTeNeM y3Jja Ni. JAuHol nymu HasbIBa-
eTcA YKCJIO, Ha eQUHUIY MEHbIIee Uucja y3JI0B, COCTABJAMOIINUX JTOT IMyTh. Takum obpa-
30M, IIyTeM HYJeBOH IJIMUHBLI OyIeT IIyTh 13 JIIOOOro ysjaa K camomy cebe. Ha puc. 3.1 my-
TeM IJuHBI 2 OymeT, HaIpuMmep, OyTh ot yaaa I'1.2 K ysuny P.2.1.2.

Ecau cyrmecTByeT myTh M3 y3ja @ B b, TO B 3TOM CJyYae y3eJ @ Ha3LIBAeTCS NPedrom
yana b, a ysen b — nomomkom yasna a. Hampumep, Ha puc. 3.1 npeaxamu ysmaa P.2.1 0y-
IyT cjaenmyrolnue y3iabl: cam ysea P.2.1 u yansl I'n.2 u KHuza, Torna Kak MOTOMKaMU 3TOTO
yaJia ABJSIOTCS OomATh caMm ya3ea P.2.1 u yaner P.2.1.1 u P.2.1.2. OrmMeTuM, 4TO JI000H y3esa
OJHOBPEMEHHO SABJSAETCA W IMIPEJKOM, U IIOTOMKOM CaMOTO cebs.

IIpenox mam MOTOMOK y3Jia, He ABJIAMIIIUIACT TAKOBLIM CaMoro ceb0s, HA3bIBAeTCS UC-
MUHHLLM NPeOKOoM WUIU UCMUHHbLM NOMOMKOM COOTBETCTBEHHO. B mepeBe TOJIBKO KODPEHb
He MMeeT MCTUHHOIrO IpeaKa. ¥y3ej, He MMEMIU NCTUHHBIX IMOTOMKOB, Ha3bIBAeTCH JIUC-
mom. Temepdb moxaepeBO KaKOro-Inb0 JepeBa MOYKHO OIPENeIUTh KaK y3esJ (KOpPeHb IIOf-
JIepeBa) BMeCTe CO BCEMU €ro IIOTOMKAaMMU.

Buvicomoil y3aa nepeBa HasbIBaeTCd AJIWHA CAMOTO AJWHHOIO IIYTH U3 9TOTO y3Ja IO Ka-
Koro-iubo aucrta. Ha puc.3.1 Beicora yana I'n.l paBHa 1, ysna I'n.2 — 2, a ysuna I'n.3 —
0. Buicoma Oepesa coBHajgaeT ¢ BBICOTOH KOpHA. ['1y6una y3.a ompenesseTcs KaK IJINHA
nyTH (OH eAWHCTBEHHBIN) OT KOPHA JO 9TOTO y3Ja.

Ilopsanok y3J0B

ChIHOBBS y3Jia 0OBIUHO YIIOPAZOUMBAIOTCA CjieBa Hampaso. IlosTomMy ABa qepeBa Ha PUC.
3.2 pasimuHbBI, TaK KaK HOPAAOK CHIHOBElN ysjia a pasiudyeH. Eciau MOPSJOK CHIHOBEH Wr-
HOPUPYETCsI, TO TAKOe [ePEeBO HA3LIBAETCHA HeYnopsi0o4eHHbulM, B IPOTUBHOM CJIy4ae JePeBO

Ha3bIBaeTCA YNnopA0OueHHbLM.

Puc. 3.2. [lea pas3auunbvix ynopsadoueHHbLX
Oepesa

YoopAagounBanme cjieBa HAIIPaBO CbiHOGell (“DONHBIX AeTei” OJHOrO y3ja) MOKHO HC-

IIOJIB30BaTh [JIA COIIOCTAaBJIEHHUA Y3JI0B, KOTOPbIE HE€ CBA3aHbI OTHOIIEHUAMU IIPEOKH-
IIOTOMKH. COOTBeTCTByIOH.(ee IIPABUJIO 3BYYUT CJIEAYIOLHUM 06pa30M: €CJIk y3JIbl a4 U b saB-
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JAKTCA CBIHOBBAMM OJHOI'O POAUTENA U y3€JI a JIEXHUT

1
cjieBa OT yajia b, To Bce MMOTOMKH y3Ja a OYAYT HAXOAUTH-
cs CJIeBa OT JIFOOBIX ITOTOMKOB y3Ja b. / | \
IIpumep 3.2. PaccmoTpum aepeBo Ha puc. 3.3. Ysea 8 5 3

pacmoJioskKeH cipaBa oT ysja 2, ciaesa oT y3joB 9, 6, 10, 4
u 7, 1 He UMeeT OTHOIIEHUH CIIpaBa-cjeBa OTHOCUTEJIHLHO
upeakoB 1, 3 u 5.
CyimecTByeT IpoCTOe MPaBUJIO, IIO3BOJIAIOINEE OIIpeje- i
JINTh, KAKKHe y3Jbl PACIIOJIOMKEHBI CJIeBa OT JAHHOIO y3Ja /'“:'\
;| g

o —

n, a KaKkue — cupasa. JJd 9TOro HajO IPOYEPTUTH IYTh

OT KOPHA IepeBa 10 ysua n. Torma Bce y3ibl U UX IIOTOM-

KU, DACIOJIOKEHHBIE CJieBa OT ITOT0 IYTH, OYyAyT HAXO-

AUTBCA CIIeBA OT ysJa 1, W, AHAJIOTMYHO, BCE Y3IBl M UX p . g9 Tepeso
IIOTOMKH, PACIIOJIOKEHHLIE CIIPABa OT 9TOr0 IyTH, OYAYT

HaXOQUThLCA cIIpaBa oT ysjaa n. [

10

IIpssmoii, 0OpaTHBIN U CHMMETPUYHBIA 00X0/IbI IepeBa

CyIiiecTByeT HECKOJbKO CIIOCO00OB 00xo0ma (MPOXOMKIEHMSI) BCEX Y3JIOB nepesa’. Tpu
HamboJiee YacTO MCIIOJIL3YeMbIX cIlocoba 00xofa JepeBa HA3BIBAIOTCS 00X00 8 NPAMOM NO-
padke, 00x00 6 o6pamuom nopsdkxe u 06x00 60 6HympeHHeM nopsdkxe (mocaegHUl BUL 06-
X0Mla TaKsKe YacTO HA3bIBAIOT CUMMEMPULHBLM 00X000M, MBI OyIeM MCIIOJb30BaTh 00a 9TUX
HasBaHMWSA KaK CHMHOHUMBI). Bce Tpu cmocoba 06xXoma PeKYyPCUBHO MOXKHO OIPENeUTh CJie-
IYIOIIUM 00pasom.

e Ecau aepeBo T saBnsiercsa HYJIEBBIM JepeBOM, TO B CIIMCOK 06x01:[a 3aHOCHUTCA ITyCcTasd
3aIucCh.

e Ecau nepeBo T cocrout us OIHOI'0 y3Jjia, TO B CIIUCOK O6XO,Z[3. 3alucbiBaeTCA 3TOT y3eJl.

* Ilanee, myctb T — pmepeBo ¢ KopHeM n u nopuepeBbamu Ty, Ty, ..., T}, Kak IOKa3aHO
Ha puc. 3.4. Torga aasa pasanMUHBIX CIIOCOOOB 00XO0Za MMeeM CJIeayIoIlee.

1. IIpu npoxoxcdenuu 6 npamom nopsadxe (T.e. IPU NPAMOM YnopadovusaHuu) y3JoB Je-
peBa T cHauajyia mocelfaeTcsa KOPEHBL 1, 3aTeM y3Jbl mojzepeBa 1, najmee BCe Y3JIBI
noanepeBa Ty, u T.4. IlociemauMy mocerarmTCsa y3Jabl moaaepea 1.

2. TIlpu cummempuunom o06xode ya3iaoB nepeBa T cHauaja IOCEIAIOTCA B CUMMETPUYHOM
mopsAAKe Bce y3Jbl moamepeBa T, majiee KOpeHb 1, 3aTeM IIOCJIEN0BATEJIHLHO B CHUMMET-
PUYHOM TOPAAKE Bce y3Jbl moaxepeBseB T's, ..., T}.

3. Bo Bpemsa o6xoda 6 obpamHom nopsadke cHauajla IOCEUIAIOTCA B OOPATHOM IIOPAAKE
BCce y3Jbl mognepeBa Ty, 3aTeM MOCJELOBATEJILHO IIOCEIAIOTCS BCE Y3JbI IOATEePEBLEB
To, ..., T}, TaKk:Ke B 0OpaTHOM IIOPAJKE, IIOCIEIHUM IIOCEIlaeTcA KOPEeHb 1.

B sucrunre 3.1,a moxkasaH HaOPOCOK MPOILELY-
pet PREORDER (IIpsamoe ymopspodmBaHUe), CO-
CTABJIAIONIEN CHOUCOK Yy3J0B JAepeBa mpu o6xojme °
ero B IpPAMOM mopAxkKe. UToObI M3 9TOH IIPOIedy-
Pl caesaTh IPOLEAYPY, BBIMOJIHAMIOIIYIO 00XO0mH
IepeBa B OOpaTHOM IIOPSAKE, HAAO IPOCTO IIOMe-
HATH Mectamu cTpoku (1) u (2). B nmucrunre 3.1,6
upexacraBieH Habpocok mporenypsl INORDER
(BuyTpeHnHee ynopspouunBaHue). B aTux mpoueny- ﬁ ﬁ - ﬁ
pax TPOM3BOAUTCA COOTBETCTBYIOIEE YIOPALOUU-
BaHUeE [IepeBbeB IIYyTEM BBI30BA COOTBETCTBYIOIIUX Puc. 34. Jlepeso T
IPOIeAYypP K KOPHIO ZepeBa.

1 06x0z yBII0B ZepeBa PABHOBHAUEH YIOPAZOUMBAHUIO 10 KAKOMY-JIHG0 IPABIIY 9THX y8i10B. Ilo-
9TOMY B JaHHOM pasfejie Mbl OyJeM KCIIOJb30BATh CJ0Ba “00X0[ y3JI0B” U “yrHopsigourBanue y3JOB”
KaK CUHOHUMBI. — IIpum. ped.

3.4. IBOMYHBIE TEPEBbLS 81



JIuctunr 3.1. PekypcuBHEBIE Mpoileaypsl 00X0/1a TepeBheB
a. IIpouerypa PREORDER

procedure PRECRDER ( n: ysenm );

begi n
(1) 3aHEeCTM B CIOMCOK ofxoma y3es N
(2) for mma xaxmoro cmHa ¢ ysya N B nopanke cieBa Hampaso dO

PRECRDER( c)
end; { PREORDER }

0. IIpouexypa INORDER

procedure INORDER ( n: ysen );

begi n
if n —mucr then

3aHeCTV B CHOMCOK ofxoma ys3es N;

el se begin

| NORDER( cameit jieBbit ChiH y3sa N);

3aHeCTV B CHOMCOK ofxoma ys3es N;

for mna xaxmoro ceHa Cc ysja N, MCKIOYas CaMeDi JIEBHIA,

B nopsanke cijesa Hampaso dO

| NORDER( ¢)

end
end; { | NORDER }

IIpumep 3.3. Cnenaem 00xox mepeBa, MOKa3aHHOTO Ha puc. 3.3, B IPIMOM MHOPAIKE.

CuauaJjia sanuiieM (II0OCETHUM) y3eJ
[la IIepBOro MoAJAepeBa ¢ KopHeM 2.

1, satem BwrI3oBeM mpoilenypy PREORDER gna o6xo-
9TO MOJIePeBO COCTOUT U3 OLHOTO y3Ja, KOTOPOe MBI

u sanuceiBaeMm. [lasee 06xoquM BTOpOE MOJIEePEBO, BHIXOAAIEe M3 KOPHA 1, 9TO moAxe-
peBo mMeeT KopeHb 3. 3amuceiBaeM y3esq 3 u Bbhi3biBaeM mporenypy PREORDER miaa
00x0/1a IEPBOTO MOAJAEepPeBa, BBIXOAAIIEro u3 ysja 3. B pesyibrare mojyuyuM COUCOK y3-
J0B 5, 8 u 9 (uMenHO B TakoM mopsaznke). IIpomoskas sTOT MpoOIlecC, B KOHIIE MBI IIOJY-
YNM IOJHBLIN CINCOK Y3JI0B, IOCEI[aeMBIX MPU MPOXOKIEHUH B MPSIMOM IOPAIAKE WC-
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Puc. 3.5. Konmyp Odepesa
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xonHoro gepesa: 1, 2, 3, 5,8,9, 6, 10,4 u 7.

ITomo6HBIM 06pas3oM, IIpeaBapUTEJIHLHO IPeodpa3oBaB
uporenypy PREORDER B mporienypy, BBIIOJHAOIIYIO
00xox B oOpaTHOM mopAnKe (Kak YyKasaHO BbIIIIE),
MOKHO ITOJIyYUTH 0O0paTHOE YIIOPSJOUYMBAHUE Y3JIOB Jie-
peBa u3 puc. 3.3 B caenymwiiem Buzge: 2, 8, 9, 5, 10, 6,
3, 7, 4 u 1. Ilpumensasa mnporenypy INORDER, mouy-
UMM CIUCOK CUMMETPUYHO YIOPSIJOUYEHHBIX Y3JIOB JTO-
ro Ke gmepeBa: 2, 1, 8, 5,9, 3, 10, 6, 7 u 4.

IIpu o0xopme [AepeBbLEB MOYKHO IPUMEHUTH CJIEAYIO-
muit noJsiesHbiit npuemM. Hano HapucoBaTh HepepPHIBHBIHN
KOHTYD BOKDYT JepeBa, HAUMHAS OT KOPHS JAepeBa, PU-
Cyd KOHTYD IIPOTHUB YAaCOBOM CTPEJKU UM II00YEPETHO
00x0omsd BCe HAPYIKHBIE yacTu aepeBa. Taxoil KOHTYD
BOKDYT JepeBa u3 puc. 3.3 mOKas3aH Ha puc. 3.5.



IIpy mpsAMOM YHOPSAAOYMBAHUY Y3JIOB HAAO IPOCTO 3aMMCATH UX B COOTBETCTBUU C Ha-
pucoBaHHBIM KOHTYpoM. IIpu o6paTHOM yIOPSJOUYMBAHUK IIOCJIE 3aIlVCU BCEX CHIHOBEH Ie-
pexoaum K ux poxaurenio. IIpu cuMMeTpruHOM (BHYTPEHHEM) YIOPALOYMBAHWU IIOCJE 3a-
IIUCY CaMOro IIPABOTO JINCTA MBI IEPEeXOJUM He II0 BETBM B HAINPABJIEHUM K KODHIO JepeBa,
a K cJefyoIeMy “BHYTpPeHHeMY” y3Jy, KOTODBII ele He 3ammcaH. Hampuwmep, ecam Ha
puc. 3.5 y3xbl 2 u 1 yiKe 3amucaHbl, TO MBI KaK ObI IIepeCKaKUBaeM “3ayuB” MeXJy ysJa-
MU 2 u 3 u nmepexoaum K yauay 8. OTMeTuM, YTO HpU JIIOO0OM YIOPATOUNBAHUU JUCTHA BCE-
r[a 3amuChIBAIOTCA B MOPSAAKE CJIeBA HAIPABO, IIPU 3TOM B CJIyuae CUMMETPUYHOTO YIIOPS-
JOUYMBAHUS MEXKAY CHIHOBBSIMU MOJKET OBITH 3alucaH poguTenb. [

ITomeueHHBIE JePEBBA U JePEBbs BhIPAKEHUI

Yacro GbIBaeT NOJIE3HBIM COIIOCTABUTHL KakAoMy y3ny mepeBa memky (label) mau sua-
YeHUE, TOYHO TAaK K€, KaK MBI B IPEBIAYINEll IyiaBe COMOCTABJAIN 3JI€MEHTAM CIHCKOB
oIpefesieHHBIE 3HAUeHUA. [lepeBo, Yy KOTOPOTO y3JiaM COIIOCTABJIEHBI METKU, Ha3bIBAeTCA
nomeuenHvim Oepegom. MeTKa ya3jia — 9TO He MMs y3Ja, a 3HaAUEHUE, KOTOpoe “XpaHuTcs”
B y3je. B HEKOTOPBIX MPUIOKEHUAX MBI Haxke OyaeM H3MeHATh 3HAUeHUWe MEeTKHU, IIO-
CKOJIbBKY MMSA y3Jia COXPAaHAEeTCA IMOCTOAHHBIM. IlosiesHa ciemymomiad aHAJOTHA: AEPEeBO—
CIIKCOK, y3eJI—TIO3UINA, METKA—3JIEMEHT.

IIpumep 3.4. Ha puc. 3.6 mokasaHo JepeBO C MeTKaMM, IIpeACTaBJA0Iee apudmermnye-
ckoe BeIpaskenue (a + b) * (a + ¢), roe ny, ..., Ny — UMeHa y3J0B (METKM Ha PUCYHKe IIPO-
CTaBJIEHBI PAJOM C COOTBETCTBYIOIUMH y3jamu). IIpaBuisia COOTBETCTBUA METOK [JEePEBLEB
9JIEMEHTaM BBIDAKEHUH CJIeIVIOIHe.

1. MeTKa Ka)XA0ro JIMCTa COOTBETCTBYET OIEPAHAY M COAEPIKUT ero 3HaueHue, HAIPUMep
y3eJ n4 MpeacTaBJsieT Omepaus a.

2. Merka KaXJoro BHYTpPeHHero (POAUTeIbCKOr0) ya3ja COOTBETCTBYeT omepaTopy. Ilpen-
MOJIOXKUM, UTO y3eJ NI IIOMeuYeH OMHAPHBIM omepaTopoMm O (Hampumep, + wim *) u je-
BBIN CBHIH 3TOTO y3JIa COOTBETCTBYET BbIpasKeHMI0 K, a mpaBblii — BBIpaKeHUio KEs.
Torma yses n U €ro CbIHOBBLS MPEACTABIAIOT BhIpaskeHnue (E;) 0 (E,). MoxHO yaaaiaTh
poauTesieii, eciu 5TO HeOOXOAMMO.

Hamnpuwmep, ysen n, umeer omepaTop +, a Jje-
BBII U IIPaBBIH CBHLIHOBBS IIPEJCTABJIAIOT BbIpA-
sxeHus (omepangbl) a u b coorBercTBeHHO. Ilo-
9TOMY y3eJl ny mpexacrasiser (a) + (b), T.e. a + b.
Vsen n, mpeacrasisier BeIpaxkenue (a + b) * (a + ¢),
IOCKOJBbKY OmepaTop * ABJISeTCS METKOH ysja
ny, BHIPAXKEHUS a + b U a + ¢ IpeacTaBIAIOTCSI
y3JlaMu Ny U N3 COOTBETCTBeHHO. []

Yacto mpm 00X0fe [ePEeBBEB COCTABJISAETCSA
CIMCOK He WMeH Yy3JI0B, a UX MeTOK. B ciayuae
IepeBa BBHIPDAXKEHUI NIPU HPAMOM YIOPALOUUBA-
HUHN IIOJIy4aeM H3BECTHYIO Nnpe@urcryr @opmy
BBIPAYKEHU, IJie OlepaTop MpeJIIecTByeT W Je-
BOMY, U IPaBOMY omepaHzam. [[i1a TouHOro omu-
canusa npepUKCHOM ()OpMBI BhIpasKeHUIl cHauaja
TOJIOYKUM, YTO HIPe(dUKCHBIM BBIPAYKEHUEM OU-
HOUYHOTO OIEepaHga a SABJAETCA CaM 3TOT OIe-
paug. Hanee, npedukrcuass dopma qus Beipaxkenus (E) 0 (E,), rne 6 — OunapHBIN omepa-
Top, umeer Buxg OP P,, 3nece Py u Py — mpedurcHble HOPMBI [ BhIpaKeHuid E; u Ej.
OTmMeTuM, YTO B Ipe@UKCHBIX ()OpMaxX HET HEOOXOAWMOCTH OTHAEJATH WU BBIAEIATH OT-
IeJbHbIe Tpe(UKCHbIE BBIPDAKEHUSA CKOOKAMU, TaK KaK BCETJa MOYKHO IIPOCMOTDETH IIpe-
durcHoe BhIpaikenue OP;P, u onpenesuTh e[UHCTBEHHBIM 06pasoM P; Kak camblili KODPOT-
Kuil npedurc BripaskeHus PPs.

Puc. 3.6. [Jepeso evipaxcenus ¢ mem-
Kamu
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Hampumep, npu npAMOM yIOpsSIOYNBAHUM Y3JI0B (TOUHEE, METOK) JAepPeBa, IIOKAa3aHHOTO
Ha puc. 3.6, mosyuaem npeduKCcHOe BhIpaskeHue *+ab+ac. CaMbIM KOPOTKUM KOPPEKTHBIM
npeduKCcOM IiA BeIpaKeHUA +ab+tac 6ymer nmpedUKCHOe BRIpAKeHUE y3Jja ng: +ab.

OOpaTHOEe ymoOpALOUMBAHNE METOK JepeBa BBIDAKEHUII JaeT TaK Ha3bLIBAEMOE NOCMi-
Qurcnoe (nnu noavckoe) npedcmasaenue BuipackeHuii. Boeipayxenue 0P P, B mocThUKCHOH
dopme umeer Bug P1Py0, rme P; u Py — nocrduKrcHble GOpMBI AiA BeipaKkenuit E; u E,
cooTBeTCTBeHHO. IIpy mcmosb30BaHUM MOCTHUKCHON (GOPMBI TaKyKe HET HEeOOXOJUMOCTH B
MPUMEHEeHUY CKOOOK, IIOCKOJBbKY AJIs J060T0 MOCT(PUKCHOTO BhIpaskeHus PP, JIerKo mpo-
CJIeIUTh CaMbIi KOPOTKUil cyd@durc Py, uTo U OygeT KOPPEKTHBLIM COCTABJISIONIAM IIOCT-
¢dbukcHBIM BbIpaskeHueM. Hanpumep, nmocrdurcHasa dopMmMa BbIpa)KeHUsA IJd JepeBa Ha
puc. 3.5 umeer Buj ab+ac+*. Ecau sanmcars 9T0 BhIpaskeHue Kaxk PyPy*, To Py (T.e. BBI-
paskeHue ac+t) OyZeT caMbIM KOPOTKUM cydhdurcoMm Anasa abtac+ u, ciefoBaTesbHO, KOD-
PEKTHBIM COCTABJISIOIINM TOCT(HUKCHBIM BBIPAYK €HUEM.

IIpu cuMmMeTpuyHOM 00XO/e JepeBa BHIPAKEHWH IMOJYyYHM TaK Ha3LIBAEMYIO UHQUKC-
HYI0 (opmy BBIpaXKeHUA, KOTOpPasd COBIaZaeT C IPUBBIYHOHA “cTaHmapTHON” dopMoil 3amm-
CU BBIDA’KEHUI, HO TaKiKe He HCIOJL3yeT CKOOOK. Ilyia mepeBa Ha puc. 3.6 mHGUKCHOE
BbIpasKeHMe 3amuilercd Kak a + b * a + ¢. Uurarenio mpeayaraerca paspadboTaTb ajro-
puTM 00x0fla JepeBa BbIPAKeHWi, KOTOPbBIH ObI BbIAABAI MHDPUKCHYIO (POPMY BBIpAKEHUSA
CO BCeMU HEOOXOAMMBIMU ITapaMU CKOOOK.

Brrunciaenue “HacilaenCcTBeHHBIX” TaHHBIX

O0xo1 mepeBa B IPAMOM UKW OOPATHOM MOPSAKE ITO3BOJIAET IOJYUYUTH JaHHBIE 00 OT-
HOIIIEHUAX TPEJOK—IIOTOMOK Y3JIOB AepeBa. IlycTh dyHKIUA postorder(n) BBIUUCISAET IIO-
SUINIO y3Jia N B CIIUCKE Y3JI0B, YIOPAJZOUYEHHLIX B oOpaTHOM mopsake. Hampumep, oad ys-
JIOB ng, N4 U Ny AepeBa, MPeACTaBJIeHHOr0 Ha puc. 3.6, sHaueHusa 910l GpyHKIIUU OyAyT 3,
1 u 2 coorBercTBenHO. Ompemenum Tax:ke GyHKIUO desc(n), 3HaUeHME KOTOPOH paBHO
YUCJIY UCTUHHBIX IIOTOMKOB y3Ja 1.

TN QYHKIUU TIO3BOJISIOT BBITTOJIHUTD PAM IOJE3HBIX BblumcaeHuii. Hampumep, Bce yaibl
mojazepeBa ¢ KOpHEM n OyAyT HOCJIeJ0BaTEeIbHO 3aHUMATh MO3UIUU OT postorder(n) — desc(n)
Io postorder(n) B cCIHUCKe y3JI0B, YIOPSAMOYEHHBIX B oOpaTHOM mopsake. Iia Toro 4ToOBI
y3eJ X ObLI IOTOMKOM y3Ja Y, HaJ0, YTOOhI BHITOIHAINCH CIEAYIOIe HepaBeHCTBA:

postorder(y) — desc(y) < postorder(x) < postorder(y).

ITogo6HbIle (PYHKIIMM MOXKHO ONIPENEeJUTb W [Js CINCKOB Y3JI0B, YIOPAJOYEHHBIX B
IPAMOM MOPSIKeE.

3.2. AocrpakTusiii Tun gauabeiXx TREE

B rnaBe 2 cnmcku, cTeKU, ouepeiu U OTOODPAKEHUA IMOJIYUUIM TPAKTOBKY Kak abCT-
paktHble Tunbl gaHHBIX (ATI). B aroit rinaBe paccmorpum gepeBba Kak ATI u kak
CTPYKTYpPHI JaHHBIX. OfHO M3 HamboJiee BAKHBIX IPUMEHEHUN NEePEeBHEB — JTO HCIIOJIb30-
Bauue UX Opu paspaborke peanmsarnuii pasauuabsix ATI[. Hanpumep, B riiaBe 5 MbI IIOKa-
JKeM, KaK MOYKHO HCIIOJI30BaTh “mepeBo ABomMUHOro nmomcka” mpu peanusanuu ATII, ocHO-
BaHHBIX HA MaTeMaTHUUYeCKOll MOAeJr MHOXKeCTB. B ciemyiomux IBYyX TJaBax OyayT
IpEeJCTaBJIeHBl MHOTOYUCJIEHHBIE IPUMEDPHl IPUMEHEHUA AEPEBbEB IPU DPealTus3anuy pas-
JIMYHBIX a0CTPAKTHBIX TUIIOB JAHHBIX.

B sTom pasmesie MBI IPeACTaBUM HECKOJBKO IIOJIE3HBIX OIEPATOPOB, BBIMOJHAEMBIX HAJ
IepeBbsIMM, U TMOKAakeM, KaK HCIO0JIb30BATh STU OIMEpPaTophbl B PA3JIUUYHBIX aJrOPUTMAaX.
Tak xe, Kak U B CIydYae CIMCKOB, MOMKHO IIPEIJIOXKUTH GOJBINION HAaGOp OIEepaTopoB, BHI-
MOJIHAEMBIX HaJl JePeBbAMHU. 3[eCh MBI PACCMOTPHUM CJIEAYIOIINE OIIePaTOPHI.

1. PARENT(n, T). 9ra @yuknusa Bo3Bpamjaer pogurensa (parent) ysina n B mepese T'. Ec-
JIA n SABJseTCA KOPHEM, KOTOPBIA He MMeeT POJHUTEJSA, TO B 3TOM CJydyae BO3BpaIlaer-
ca /N\. 3mech /\ obosHauaeT “HyseBoii y3ea” M yKasblBaeT Ha TO, UTO MBI BBEIXOAUM 3a
mpenesbl gepesa.
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2. LEFTMOST CHILD(n, T). JanHaa GyHKIUA BO3BpAIllaeT caMOro JIEBOI'O ChIHA y3Ja 1 B
nepese T. Ecau n aBisierca JucToM (1 MOITOMY He MMeEET ChIHA), TO Bos3Bpalmaercs A.

3. RIGHT SIBLING(n, T). 9ra ¢pyHKIuA BO3BpalllaeT mpaBoro 6para y3ya n B nepese T
u 3HaueHUe /\, eCIU TaKOBOTO He CYIIECTBYeT. [ 9TOTO HAXOAUTCA POLUTEND P y3Ja
n m BCe CHIHOBBS y3Jia D, 3aT€M CPEIM JTHX CHIHOBEH HAXOAUTCS y3€J, PACIIOJIOMKEH-
HBIII HENOCPEeACTBEHHO cIpaBa OT ysja n. Hampuwmep, Aas gmepeBa Ha puc. 3.6
LEFTMOST CHILD(n;) = n4, RIGHT SIBLING(n4) = ns; u RIGHT SIBLING(n5) = A.

4. LABEL(n, T). BosBpaiaer MmeTKy y3jaa n gepeBa T'. IlJifd BBIIIOJHEHUSA 3TON QYHKIUU
TpebyeTcs, YTOOBI HA y3JaX AepeBa OBLIIN OIpeaeeHbl METKU.

5. CREATEi(v, Ty, T, ..., T;) — 9TO 0OIINPHOE CEMEHUCTBO “CO3UAAIOIITNX”’ HKIINHA, KOTO-
1 2 i

puie aas xkaxmgoro i = 0, 1, 2, ... co3malOT HOBBIII KOPEHL 1" C METKOI U U Jajiee IJs 9TOrO

KOpPHSA CO3JaeT i ChIHOBEli, KOTOPhbIe CTAHOBATCS KOpHAMU moxnnepeBbeB T4, T, ..., T;. Ot

GYHKIIMM BO3BPAIIAIOT AepeBo ¢ KopHeMm r. Ormerum, uto ecau i = 0, To BosBpaIaercs
ONIVIH y3€JI ', KOTOPBI! OJJHOBPEMEHHO SBJISETCA WM KOPHEM, U JIUCTOM.

6. ROOT(T) BosBpaiiaer ysen, aBadmimuMmcsa KopueMm aepesa T. Eciu T — myctoe gepe-
BO, TO Bo3Bparaercs /.

7. MAKENULL(T). 9rot onepatop mesaer gepeBo T IIyCTHIM AePEeBOM.

IIpumep 3.5. Hanumem pexypcuBuyio PREORDER u mepexypcusayio NPREORDER
IPOIEeAYyPHI 00X0ka AepeBa B IPAMOM IOPAAKE M COCTABJIEHUS COOTBETCTBYIOIIETO CIKCKA
ero MeToK. IIpeAmosIosKUM, UTO [JiA Y3JI0OB ONpelesieH TUI AaHHBIX node (ysena), Tak e,
Kak u ana tuna gasHeix TREE (epeBo), npuuem ATJ] TREE onpezesien nis AepeBbEB C
MeTKaMH, KOTOpble MMEIOT TUIl JaHHLIX labeltype (Tum meTku). B auctunre 3.2 npuBemeHa
PeKypCuBHAs IPOIEAypa, KOTOpas IO 3aJaHHOMY y3Jy 7 CO3IAaeT CIUCOK B IPSAMOM IIO-
PAIKe METOK IojaepeBa, KOPHEM KOTOPOro sBJsAeTcA y3ea n. s cocTaBieHHs COUCKA
Bcex y3y0B nepeBa T Hamo BeInogHUTH BbI3oB PREORDER(ROOT(T)).

JIuctunr 3.2. PekypcuBHAs MpolieAypa 06xoaa AepeBa B MPAMOM IOPATKE

procedure PRECRDER ( n: node );
var
c: node;
begi n
print (LABEL(n, T));
c:= LEFTMOST_CH LD(n, T);
while ¢ <> A do begin
PRECRDER( c) ;
c:= RRGHT_SIBLINGc, T)
end
end; { PREORDER }

Temeps HaMUINIEM HEPEKYPCUBHYIO IPOIEAYPY [JIA IMeYaTH y3JIOB JepeBa B IIPAMOM IIO-
panke. YToObI coBeplIUTh O0XOX JepeBa, MUCIOJb3yeM cTek S, ueil Tun mamabix STACK
yoKe o0'bsABJIEH KaK “cTex njs y3ioB”. OcHOBHas ujes pas3padaThIBAEMOro ajJropuTMa 3a-
KJIIOYAeTCsA B TOM, YTO, KOTZA MBI JOLLIN A0 y3Ja 1, CTeK XPAHUT IYThb OT KOPHA JO 3TOTO
yaja, IpuueM KOpeHb HAXOAUTCS Ha “IHe” CTeKa, a y3es n — B BepIINHE cTeKa.’

! MoskHO BepHYThCA K pasnely 2.6, Tie 00CYIKAANach pealnsanusi PEeKYPCUBHBIX IPOLEAYD C IIO-
MOIIBIO CTEKAa aKTUBAIMOHHBIX 3amuceil. IIpum paccMoTpeHuu JuCTHHTA 3.2 HETPYLHO 3aMETHUTH, UTO
aKTUBAIMOHHYIO 3allCh MOYKHO 3aHOCHUTBH B CTEK IIPU KaKAoM BbizoBe mpouenypsl PREORDER(n) u,
3TO IJIaBHOE, CTEK OYZET COLeprKaTh aKTUBAIIMOHHBIE 3AIIMCH AJIA BCeX IPENKOB y3Jja I.
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OnvH M3 HOAXONOB K peaim3anuu 00Xofa JepeBa B MPAMOM IOPALKE IMOKa3aH Ha IIPHU-
mepe nporpamMvMbl NPREORDER B smuctunre 3.3. 9ra mporpaMMa BBINIOJHSET ABa BUIA
omeparuii, T.e. MOKeT HaXOAUTHCA KaK ObI B OJHOM U3 ABYX pekuMoB. Omepamuy mepBOro
Bufa (IEPBBIHA PEKUM) OCYILIECTBJIAIOT 00X0J 10 HAIIPABJIEHWIO K MOTOMKAM CaMOTO JIEBOTO
elle He IMPOBEPEHHOr0 IYTH JepeBa J0 TeX II0pP, IOKA He BCTPETUTCS JIKUCT, IIPU ITOM BEI-
TMOJTHAETCA IeYaTh y3JI0B STOT0 IIYTU U 3aHECEHUEe UX B CTEK.

Bo BTOpOM perKkmMe BBIIIOJHEHUS IPOTPAMMBI OCYII[ECTBJISIETCS BO3BPAT IIO IPONJEHHO-
My IIyTH C IIOOYEPENHLIM M3BJIEUEHUEM Y3JIOB M3 CTE€Ka [0 TeX IIOp, IOKA He BCTPETUTCA
y3eJs1, UMeIoIuii eme “He omucaHHOro” mpasoro 6para. Torga mporpaMMa OIATH IEPEXOTUT
B IEPBBIN PEIKUM U HCCJIEAYeT HOBBIH NyTh, HAUMHASA C 9TOrO IIpaBoro Opara.

ITporpamMmma HauMHAETCA B IIEPBOM PEXKUME C HAXOMKJEHMS KOPHA JepeBa U OIpelesieHusd,
ABJISIETCS JIX CTEK IIyCThIM. B jmcrunre 3.3 mMOKasaH IOJHBIA KO 3TOM mporpamMmsbl. []

JIuctunr 3.3. HepekypcuBHas npoueaypa o0xoaa AepeBa B IPSIMOM IOPAAKe

procedure NPRECRDER ( T: TREE );
var
m node; { nepeMeHHas 1A BPEMEHHOTO XPAaHEHMS Y3JIOB }
S: STACK, { crex y350B, XpaHaumii NyTh OT KOPHSA IO
pomvrensa TOP(S) Texkymero yszma m}
begi n { mmyumammsauma }
MAKENULL( S) ;
m = ROOT(T);
whi l e true do
if m<> A then begin
print(LABEL(m T));
PUSH'm S);
{ uccrnemosanme camoro JieBOTO ChHHa y3sja M}
m = LEFTMOST_CH LD(m T)
end
el se begin
{ =aBepumena nposepka myTu, comepxamerocs B CTEKe }
if EMPTY(S) then
return;
{ wuccnenosanme npasoro Gpara ys3ia,
HaXONAWETOCHS B BEpuMHE CTeKa }
m= RGHT_SIBLINJ TOP(S), T);
POP( S)
end
end; { NPRECRDER }

3.3. Peanuzanus nepeBbeB

B sTom pasmesie MBI IpeacTaBUM HECKOJbKO OCHOBHBIX peain3aliuili JepeBbeB U 00Cy-
IUM UX BO3MOKHOCTHU [JIS IMOANEP:KKU OIIepaTOpPOB, BBEIEHHBIX B pasaese 3.2.
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IIpencrasjieHue qepeBbeB C IMOMOIIbI0O MACCUBOB

IIycts T — pepeso ¢ yamamu 1, 2, ..., n. BodaM0OXHO, caMbIM ITPOCTHIM IIPEACTABJIEHUEM
nepeBa T, moppep:xuBamoium omepatrop PARENT (Pogurens), 6yaer JuHeiHBIN MaccuB A,
e KaKIbIH ayeMeHT A[i] ABisAeTca yKasaTeieM WM KYpPCOPOM Ha POAuTeNd ysjia i. KopeHb
mepeBa T ornuaeTrcs OT APYTUX Y3JI0B TE€M, UTO MMeEET HYJE€BON yKasaTesb WM YKasaTeslb
Ha caMoro cebs Kax Ha poxurtensa. B saswike Pascal ykasareiau Ha s/IeMeHTHI MacCHBA HeIO-
IYCTUMBI, II0O3TOMY MBI OyZieM MCIOJIb30BaTh CXEMY C Kypcopamu, Torga Ali] = j, ecau ysen j
ABJIseTcs poxutesieM yana i, u Ali] = 0, ecou y3en i ABIsAETCA KOPHEM.

1

3
9/ \‘-E

1{ 2 3 4 5 8 7 B 9 10
Aloj1]1]2]2|5]s]5]3]3

O. Kyptopkl Ha poguTanad

Puc. 3.7. [Jepeso u kypcops. Ha podumedneil

amHoe mpeacTaBjeHNe UCIOJb3YeT TO CBONCTBO ME€PEBLEB, UTO KAMKIBIN y3es, OTJINYHBIN
OT KOpPHA, MMEeeT TOJIHKO OJHOTO PomuTessa. VIcmoss3ys 5TO IpencTaBIeHNe, POAUTENA JII000-
ro y3Jia MOKHO HaiTH 3a (uKcUpoBaHHOe BpeMs. IIpoxoskaeHue mo Jo6OMYy HyTH, T.e. IIe-
Pexof o y3JIaM OT POAUTENA K POJUTENI0, MOXKHO BHIIIOJHUTE 38 BPEMs, IPOIOPINOHATILHOE
KOJIMYecTBY y3a0B nyTu. Iysa peanusanuu oneparopa LABEL MoXHO mcmosib3oBaTh APYroit
maccuB L, B KoTopoM ajeMmeHT L[i] 6ymeT XpaHUTh METKY yaja i, 160 O0bABUTH SJIEMEHTHI
MaccuBa A 3alUCAMU, COCTOAIIUMU U3 IEJIbIX Ynces (KYPCOPOB) U METOK.

IIpumep 3.6. Ha puc. 3.7 moxkasaHbI JepeBO U MacCcUB A KYPCOPOB HA POAUTENEH 3TO-
ro gepesa. [

HWcnosnb3oBaHME yKaszaTesiell MM KYPCOPOB HA POAUTeJIell He MOMOTAaeT B peajinsa-
U OMePaTOPOB, TPEOYIOMMX MHMPOPMAIIUIO O CHIHOBLAX. VICIONB3Ys ONMUCAHHOE TIpe-
cTaBJieHUWe, KpaiiHe TAKeJJO0 IJs JaHHOTO y3Jia N HAaWTU ero ChIHOBel WJIM OIpeJeluThb
ero BeIcoTy. KpoMe TOro, B 9TOM ciiyuyae HEBO3MOYKHO OIPEAEJUTH HOPANOK CHIHOBEH
yasa (T.e. KaKOH CBIH HaXOAWTCSA IIpaBee UJM JieBee JApyroro cuiHa). [loaTomMy Heab3s
peanusoBaTh omepaTtopsl, nogobusie LEFTMOST CHILD m RIGHT SIBLING. MoxuO
BBECTU MCKYCCTBEHHBIN MOPSAAOK HyMepalluu y3JI0B, HAIPUMEp HyMepalluio ChIHOBeil B
BO3PACTAIOIEeM IMOPAAKE cJieBa HampaBo. Vcmosb3ys TaKyi0 HyMepamuio, MOMKHO pea-
ausoBaTh omeparop RIGHT SIBLING, kon mjas sToro omeparopa IPUBEJEeH B JUC-

3.4. IBOMYHBIE TEPEBbLS 87



tuure 3.4. [ua saganusa tunoB pgaHubix node (ysen) u TREE (IIepeBo) mcmoabsyercs
crenymoirnee o0'bsBIeHNIE:

type
node = integer;
TREE = array [1..maxnodes] of node;

B ar0ii peasusanuu MBI IpefIoaraeM, 4To HyJieBoi ysena /A mpencrasied 0.

JIuctunr 3.4. OnepaTop onpeneIeHus: IPaBOro GpaTta

procedure RIGHT_SIBLING ( n: node; T: TREE ) : node;

var
i, parent: node;
begi n
parent:= T[n];
for i:=n + 1 to maxnodes do
if T[i] = parent then
return(i);

return(0) { npaewnt 6paT He HavimeH }
end; { R GHT_SIBLING }

IIpencraBjieHue AepPeBbEB C HCIOJb30BAHUEM CIIMCKOB CHIHOBEI

BakHbIII ¥ MOJE3HBIN CIIOCO0 IIPEJCTABJICHUS MePEeBbEB COCTOUT B (hOPMUPOBAHUU MIJIA
Ka)KJOro y3Jja CIMCKA ero ChIHOBEH. OTH CINCKU MOXKHO IIPEACTAaBUTh JIOOBIM METOIOM,
OMMMCAHHBIM B IJIaBe 2, HO, TAK KaK YMCJIO ChIHOBEH y pas3HBIX y3JIOB MOXKET ObITH pasHoe,
yaime BCero JJIA 9TUX IleJiell IPUMEeHATCS CBA3aHHbIe CIIUCKU.

Ha puc. 3.8 mokasano, Kak TaKMM CIIOCOOOM IIpPEACTaBUTL AEPEeBO, M300pakKeHHoe Ha
puc. 3.7, a. 3mech eCTh MacCUB SUYEEK 3aroJIOBKOB, MHAEKCUPOBAHHBIN HOMepaMu (OHU Ke
umMeHa) ys3a0B. Kakapiii 3arosioBok (header) ykasbIiBaeT Ha CBA3AHHBIN CIUCOK, COCTOSIIUI
u3 “2/IeMeHTOB”-y3JI0B. JDJIeMeHThl cnucKa header[i] ABAAIOTCA CHIHOBLAMU y3Ja i, HAIIPU-
mep y3iabsl 9 u 10 — cBIHOBBA y3ia 3.

1 Tt 2] 1 3]s ]
: gy I = o BT N
4 . W g | —— 0] e |
G .
s [ T B A = o B O
¥ .
& -
8 .
100 e
header

Puc. 3.8. IIpedcmasaenue 0epesa ¢ nNOMOULbIO C8A3AHHBLX CMUCKO8

88



IIpesxne uem paspabaTbiBaTh HEOOXOAUMYIO CTPYKTYPY AAHHBIX, HAM HAAO B TEPMUHAX
abctpakTHOoro tuna gaHHbIX LIST (cmmcok ysJioB) caesiaTh OTJEJIbHYIO pear3alluio CIIH-
CKOB CBHIHOBEIl U IIOCMOTPETb, KaK 9TU a0CTPaKIMM COTrJIacyloTcA MexXAy coboii. IlosmHee
MBI YBUAUM, KaKie YIPOIIEHHA MOXKHO CIejaTh B 3THX peajusanusax. Haunem co cie-
IYIOIUX O0BABJIEHUIA TUIIOB:

type
node = integer;
LI ST = { cooTeercTBy®mEe omnpenesyeHMe IJid CIOMCKA y3JIOB };
posi tion = {cooreercTBynmee onpenesieHVE MO3ULMIM B CIMCKAX};
TREE = record
header: array[1l..maxnodes] of LI ST;
| abel s: array[ 1..maxnodes] of [ abeltype;
root: node
end;

Msbl mpeamosaraemM, 4YTO KOPEHBb KaKAOTO JepeBa XPAHUTCS OTAEeJIbHO B IIOJie 100t
(xopeusb). [lyna o603HAUEHUST HYJIEBOTO y3Ja ucmoabdyerca 0.

B snucrunre 3.5 npexgcrasiaed kox dyuxnuum LEFTMOST CHILD. Yurarenb B KauecTBe
VIPaXKHEHNs MOYKET HAIMCATh KOABI JPYTUX OIEPaTOPOB.

JIluctuar 3.5. PyHKUUA HAXO0KISHUS CAMOT0 JeBOr0 ChIHA

function LEFTMOST_CH LD ( n: node; T: TREE ): node;
{ BosBpamaer camoro meBoro ChHa y3ma N mepesa T }
var
L: LIST; { ckopomuch mmia cnmcka CeHHOBEM y3ja N }
begi n
L: = T. header[n];
if EMPTY(L) then { n asBnaerca smcTom }
return(0)
el se
return(RETRI EVE(FI RST(L), L))
end;, { LEFTMOST_CH LD }

Tenmepr mpeacTaBUM KOHKPETHYIO peajn3alinio CIuckoB, rae Tunbl LIST u position
UMEIOT TUIl IeJIBIX YKCeJ, IIOCJeIHUE KCIOJB3YIOTCSI KaK KYPCOPBI B MAacCHBE 3amuceit
cellspace (0b6macTh A4YeEK):

var
cel | space: array[l..nmaxnodes] of record
node: i nteger;
next: integer
end;

s yupoleHuss peaausaniyd MOMKHO MOJIOMKHUTDH, YTO CIIMCKHU CHLIHOBEH He MMEIOT sue-
eK 3aroyioBKoB. Tounee, Mbl momectuM T.header[n] HemocpeaCTBEHHO B IIEPBYIO SYEHKY
CHUCKa, KaK MOKasaHo Ha puc. 3.8. B smcrunre 3.6 mpeacraBiieH NepenucaHHBIN (C yue-
ToM 9Toro ymnpoiieHus) Kox ¢pyaknuum LEFTMOST CHILD, a Takske mokasaH KOI (PYyHK-
muu PARENT, ucnoabsyroniumii gaHHOe IIpeACTaBJeHHe CIKUCKOB. OJTa (QYHKIuUS OoJee
TPYAHA [IJIA peajusalluy, TaK KaK OIpeleeHre CIMCKAa, B KOTOPOM HAXOAUTCH 3aJaHHBIN
y3eJ, TpebyeT IPOCMOTPA BCEX CIUCKOB CHLIHOBEM.
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Jluctunr 3.6. ®yHKIMU, HCIOJb3YIOIHE MIPECTABJICHUE JePEeBhEeB MOCPEACTBOM
CBA3aHHBIX CIIMCKOB

function LEFTMOST_CH LD ( n: node; T: TREE ): node;
{ BosBpamaer camoro meBoro ChHa y3ja N mepesa T }
var
L: integer; { xypcop Ha Hauajo COmMCKa CHHOBEM y3ja N }
begi n
L: = T. header[n];
if L=0then { n sasnaerca smcrom }
return(0)
el se
return(cel | space[L]. node)
end; { LEFTMOST_CH LD }

function PARENT ( n: node; T. TREE ): node;

{ BoszBpamaer pomurens ysma N zmepesa T }

var
p: node; { mpoBeraeT BO3MOXHEHX pomMTeseil y3ya N }
i: position; { mpoberaer cmmcox ceHOBeM P }
begi n
for p:= 1 to naxnodes do begin
i:= T.header[p];
while i <> 0 do { npoeepkxa Ha HamMuyMe CHHOBEN y37ya P }
if cellspace[i].node = n then
return(p)
el se
i:= cellspace[i].next
end,

return(0) { pomurens He HavimeH }
end; { PARENT }

IIpencraBienue JeBbIX CBIHOBEH U IIPaBHIX OpaTheB

Cpenu mpouyrx HEJIOCTATKOB OMMCAHHAS BBIIIe CTPYKTYpa JAHHBIX HEe IMO3BOJISET TaKiKe
¢ momortbio oneparopoB CREATEI cosmaBaTh 0ojbliine AepeBbsS U3 MAJBIX. JTO ABJISETCA
CJIeICTBUEM TOTO, UTO BCe JEPeBbA COBMECTHO HCIIOJNB3YIOT MAacCHUB cellspace pnjsi mpen-
CTaBJIeHUS CBA3AHHBLIX CIHCKOB CHIHOBEH; II0 CYTH, KaKIOoe IepeBO MMeeT COOCTBEeHHBIH
MaccHUB 3aroJOBKOB [Jid CBOMX VY3JIOB. A IIpu peajusamnuu, HAIpPuUMep, oleparopa
CREATE2(v, T, Ts) Hamo ckomupoBaTh aepeBbA T; u Ty B TpeThbe nepeBo U I00AaBUTH HO-
BRI y3€JI ¢ MEeTKOM U M JBYX ero CbIHOBEW — KOpHU AepeBbeB T u T'.

Ecim MBI XOTMM IIOCTPOUTH OOJIBIIIOE AEPEBO HAa OCHOBE HECKOJBKMX MAJBbIX, TO JKeJja-
TeJILHO, UTOOBI BCE Y3Jbl BCEX JEPEBLEB PAaCIOJIarajuch B OZHON ob0ieit obsactu. Jlormue-
CKUM IIPOJOJIKEHUEM IIPEeACTAaBJIEHUSA IepeBa, IOKa3aHHOTO Ha puc. 3.8, OyZeT 3aMmeHa
MaccuBa 3aroJIOBKOB Ha OTHEJILHBIN MaccuB nodespace (00JacTh y3J0B), COmep:KaIUil 3a-
IHUCH C IPOM3BOJBHBIM MECTOIIOJIO}KeHHeM B 3ToM MaccuBe. Comep:xumoe mossa header
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9TUX B3almcell COOTBETCTBYeT “HoMepy” ysja, T.e. HOMepPy 3amucu B MmaccuBe cellspace,
B CBOIO ouepenb IoJie node MaccuBa cellspace temephb sBIsSeTCA KYPCOPOM [AJs MaccHUBa
nodespace, ykaspiBapoiuM nosuiiuio ysna. Tun TREE B aT0ii cuTyanuu mpocTo Kypcop
B MaccuBe nodespace, YKa3bIBAIOIINN MO3UIIUIO0 KOPHS.

IIpumep 3.7. Ha puc. 3.9, a mokasamo Jgepeso, a Ha puc. 3.9, 6 — CTPYKTypa HaHHBIX,
Te y3Jbl 9TOTO JepeBa, moMeueHHble Kak A, B, C u D, pasMeleHbl B ITPOU3BOJBHBIX IIO-
sunuax maccuBa nodespace. B maccuBe cellspace Taxk:ke B IPOU3BOJBHOM IIOPALKE pas-
MeIlleHbl CIUCKU ChIHOBeH. [
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6. CTRYETYPBI BEHHEIX

Puc. 3.9. Cmpyxmypa 0anHblx 015 Oepe6a, UCNONbIYOULAL C8A3AHHbLE CLUCKU

CTpykTypa mJaHHBIX, IIOKa3aHHasd Ha puc. 3.9, 0, y)Ke IMOAXOAUT AJSA TOTO, YTOOBI Opra-
HM30BaTh causHue aepeBbeB ¢ momoilbio omepaTropoB CREATEi. Ho um aTy cTpPyKTypy
MOYKHO 3HAQUUTEJIbHO YIPOCTUTH. [[JIA 5TOr0 3aMeTHMM, UTO IETIOUKA yKasaTesell moJsa next
MaccuBa cellspace mepeumncigeT BceX MPaBBIX OpaThHEB.

Hcmonb3ysa st yKasaTean, MOMKHO HANTHM CAMOIO JIEBOI'O ChIHA CJIEAYIOIIMM 00OpasoM.
IIpennonoxxkum, uro cellspacel[i].node = n. (IloBropum, uTo “mMMmMaA” ysja, B OTJIUYHE OT €TI0
METKHU, ABJAETCA HMHIEKCOM B MaccuBe nodespace W 3TOT WHAEKC 3amucaH B moJie cell-
space[i].node.) Torma ykasarenb nodespace[n].header ykaspiBaeT Ha S4eiKy CaMOTO JIEBOTO
ChIHA y3Jla n B MaccuBe cellspace, IOCKOJBKY IIojie node 3TON AYEHKU SABJISAETCA UMEHEM
9TOTO y3Jia B MaccuBe nodespace.

MOXHO YIPOCTUTL CTPYKTYPY, €CJIN HUACHTU(PUIIMPOBATEL y3eJ He ¢ IOMOINbI0 HHIEKCA
B MaccuBe nodespace, a ¢ IOMOIILI0O UHAEKCA AUYEHKU B Maccuse cellspace, KOTOPHIIT COOT-
BETCTBYeT NAaHHOMY y3Jy Kak ChIHy. Torma ykasaTeab next (mepeuMeHyeM 9TO IIOJie B
right_sibling — upassrii 6paT) MmaccuBa cellspace 6yzeT TOUHO YKasbhIBaTh Ha IPABOTO Opa-
Ta, a nHGOPMAIIUIO, COLEPIKAIIYIOCA B MaccuBe nodespace, MOKHO IIePEeHECTU B HOBOE IIO-
Je leftmost_child (camblil JeBwIi chiH) MaccuBa cellspace. 3pmeck Tun TREE aBiserca tme-
JIOUMCJIEHHBIM THUIIOM UM UCIOJB3yeTCA KaK Kypcop B MaccuBe cellspace, yKasbIBaOIUHE Ha
KopeHb gepeBa. Maccus cellspace MOKHO omucaTh KakK CJIEAYIOIIYIO CTPYKTYPY:

var
cel | space: array[l..nmaxnodes] of record
| abel : | abel type;
| eftmost _child: integer;
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right_sibling: integer
end;

IIpumep 3.8. HoBoe mpejcraBienue AJis JepeBa, IOKasaHHOro Ha puc. 3.9, a, cxemaTu-
yecKu n3obpaskeHo Ha puc. 3.10. V3Bl gepeBa pacHoJIOMKeHBbI B TeX iKe Adelikax MaccuBa,
uTO U Ha puc. 3.9, 6. [
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Puc. 3.10. IIpedcmasaenue depeéa nocpedcmeom JLe6blx Coi-
Ho8ell u npasvlx 6pambves

Hcnons3ysa ommcanHOe IpeACTaBJIEHME, BCe OIepaTophl, 3a uckiaooueHueM PARENT,
MOYKHO DPeajn30BaTh myTeM IpAMBIX BbruucieHuii. Onepatop PARENT tpebyer mpocmoTpa
Bcero w™accuBa cellspace. Ecim nHeobxommmo 3s(hGeKTHUBHOE BBLIIOJHEHWE ollepaTopa
PARENT, To MOXHO qJ06aBUTH UeTBEPTOE I10JIe B MacCUB cellspace Ijis HEIIOCPEICTBEHHOTO
YKasaHWA Ha POAUTEJIeH.

B KauecTBe mpmmepa OmepaTopoB, MCIOJL3YIOUIUX CTPYKTYPhI JaHHBIX puc. 3.10, Ha-
nummeMm kKoj pyuxiuu CREATEZ2, mokasauHblil B JucTuHre 3.7. 31€Ch MBI IpeAIiojaraem,
YTO HEUCIIOJIb3yeMble AYeliKu MaccuBa cellspace cBsa3aHbl B OAUH CBOOONHBIN CIIMCOK, KO-
TOPBLIN B JUCTHHIE HAa3BaH KaK avail, U AYeKMN 9TOTO COMCKAa CBA3AHBI IIOCPEICTBOM IIOJISA
right_sibling. Ha puc. 3.11 nmokasaHbI cTapble (CILJIONIIHBLIE JIMHUK) U HOBBIE (IYHKTUPHbIE
JINHWUM) YKa3aTeJu B IPOIlecce CO3LaHUA HOBOTO JepeBa.

JIuctunr 3.7. ®yaxknua CREATE2
function CREATE2 ( v: labeltype; T1, T2: integer ): integer;

{ BozBpamaer HOBOe mepeBO C KopHeM V u noxmepeBbamu 11 u T2 }
var
tenp: integer; { xpauuT uHIEKC NEpPBO CBOBOIHOM SAUEKU

IJIA KOPHS HOBOTO IepeBa }

begi n
tenp: = avail;
avail : = cel | space[avail].right_sibling;
cel I space[tenp].leftmost_child:= T1;
cel | space[tenp].|abel: = v;
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cel I space[tenp].right_sibling:= 0;
cel I space[ T1].right_sibling:= T2;
cel I space[ T2].right_sibling: = 0; { HeoBazaTenruErt onepaTop}
return(tenp)
end; { CREATE2 }
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Puc. 3.11. Hsmenenue yrasameseii npu 6biNOAHEHUU QYHKUUU
CREATE2

Mo:KHO YMEHBINIUTh 00JIaCTh MaMATH, 3aHUMAEMYI0 y3JaMu aepeBa (HO IIPU 9TOM yBe-
JUYUTCA BPeMs BBIIIOJHEHUSA OIEPATOPOB), ecau B moJje right sibling camoro mpaBoro Chl-
Ha BMECTO HYJIEBOTO YKasaTejs IMOMECTHUTHb yKasaTejab Ha poxuteis. Ho B aTom ciydae,
uyT00BI 130€KaTh ABYCMBICJIEHHOCTH, HEOOXOAUMO B KAKAYIO AYEHKYy IMOMECTUTH eIlle IBO-
nUHyI0 (JIOTMYECKYI0) IIepeMeHHYI0, KoTopasd OyaeT MOKa3bIiBaTh, UTO COAEPIKUTCA B IIOJE
right_sibling: yxasaTesib Ha IpaBoro Gpara MM yKasaTeJ b Ha POAUTENI.

IIpu Takoii peanmsamuu MOKHO HAWTH AJS 3aJaHHOTO y3Jia €ro POAUTEJNA, CAeAysA 3a
ykasarensaMu noJisa right sibling, moxka He BCTPETUTCSA yKasaTesb Ha poauTeas. B arom
caydae BpeMs, Heo0XoAuMoOe IJIS MOMCKA POAUTENISA, MPOIMOPIIMOHAIBHO KOJUUECTBY CBhIHO-
Bell y ponuresns.

3.4. JIBouuyHbIE TepeBbs

HepeBbsa, KOTOPEIE MBI OIpeAeIuIu B paszaerne 3.1, Ha3LIBAIOTCA YnopsadoueHHbLMU OpU-
eHMUPOBAHHLIMU OepesbaMl, TOCKOJIbKY CHIHOBbS JIIOOOT0 y3Jia YIOPAMOUYEHBI CJieBa Ha-
IpaBo, a IYyTH II0 JePeBy OPMEHTHPOBAHBLI OT HAYAJBHOrO y3Jia IYTH K €ro IMOTOMKAM.
eouunoe (unu Ouraproe) Oepe80 — COBEPIIEHHO APYroil Bup. [[BOMUYHOE IEPEBO MOYKET
OBITh WJK IIYCTHIM JEePEeBOM, WJM IePEeBOM, Y KOTOPOro JII0GOH y3es MU He MMEeT CHIHO-
Bell, mim mMeeT JaubO 716020 CbiHA, JIUOO NPa60zo CviHa, b0 oboux. ToT ParT, UTO KaK-
IOBIM CBIH JIIO0OrO y3Jjia OIpelesieH KAK JIeBBIM WM KAK IIPABBIM CBbIH, CYIIECTBEHHO OTJIH-
YaeT ABOMYHOE JEPEeBO OT YIIOPAZOYEHHOTO OPUEHTHUPOBAHHOTO JepeBa.

IIpumep 3.9. Eciu MBI mpuMeM COTJIAINIEHVE, YTO Ha CXEMaX ABOUYHBIX [EePEBLEB Jie-
BBIN CHIH BCETZIa COEAUHSETCS C POAUTEJIEM JIMHUEN, HATPABJIECHHOU BJIEBO WM BHU3 OT PO-
IUTeJNsd, a IpaBblii CBIH — JIMHMWEHN, HallpaBJeHHOI BIpaBO U BHU3, TOrga Ha puc. 3.12,a, 6
IpEeCTaBIE€HBl [Ba PAa3JNMUYHBIX JepeBa, XOTdA OHM o00a TOXO0XKM Ha OOBIUHOE
(ymopsimoueHHOEe OPHEHTHUPOBAHHOE) AepeBo, mokasaHHoe Ha puc. 3.13. IlycTs Bac He cmy-
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maeT TOT (PaxT, 4TO AepeBba Ha puc. 3.12,a, 6 pasauUUHBI ¥ He d3KBUBAJIEHTHBI JepeBYy Ha
puc. 3.13. [leno B TOM, YTO JBOWYHBIE IEPEBbs HEJb3d HEIOCPEACTBEHHO COIIOCTABUTH
o0sryHOMY AepeBy. Hampumep, Ha puc. 3.12,a y3esm 2 saBideTcA JIEBBIM CHIHOM y3Ja 1 u
yses 1 He mMeeT IIPaABOTO ChIHA, TOTAA KaK Ha puc. 3.12,0 ysesn 1 He uMeeT J€BOTO ChIHA, a
uMeeT npasoro (ysex 2). B Toxxe BpeMs B 000MX IBOMUYHBIX JE€PEBbAX y3€J 3 ABISAETCA JIe-
BBIM CBLIHOM y3Jia 2, a y3es 4 — mpaBbIM CBIHOM TOro e ysiaa 2. [

006x0/l TBOMYHBIX JE€PEBbEB B IIPAMOM U OOPATHOM IIOPSAAKE B TOUHOCTU COOTBETCTBYET
TaKUM Ke 00XoqaM OOBIYHBIX AepeBbeB. IIpyu cumMMeTpuuHOM 00XO0[€ ABOUYHOIO ZepeBa C
KODHEM 7 JieBbIM moxanepeBoMm Ty m mpaBbIiM mogiepeBoM T cHavasia MPOXOLUTCS IOJfepe-
Bo T';, 3aTeM KOopeHb n u majee moxmepeBo Ts. Hampumep, cuMMeTpUUHBIN 00XO0M AepeBa
Ha puc. 3.12,a gacT mocJsiefoBaTeJIbHOCTD Y3JI0B 3, 5, 2, 4, 1.
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Puc. 3.12. Tea 0souurbvix Oepesa Puc. 3.13. “O6viunoe” depeso

IIpencraBienue TBOMYHBIX IePEeBhEB

Ecin uMeHaMu y3J10B ABOMYHOI'O JepeBa ABJIAIOTCS ux Homepa 1, 2, ..., n, TO MOAXO-
OAIed CTPYKTYPOH IJIsi IPEeACTAaBJIEHUS JTOTO JepeBa MOYKET CJIYIKUTb MaccuB cellspace
sanuceit ¢ moaamu leftchild (meBwiit cbiu) u rightchild (mpaBbIil CbIH), O0BABJIEHHBINA CJIe-
IYIOIMUM 00pa3om:

var
cel I space: array[1..nmaxnodes] of record
leftchild: integer;
rightchild: integer
end,;

B srom mpexncraBiaenuu cellspace[il].leftchild siBnsieTcsa JieBBIM CBIHOM y3Ja i, a
cellspacelil.rightchild — upaBbiM cbiHoM. 3HaueHune 0 B 000MX IOJSX YKasbIlBaeT Ha TO,
UTO y3eJ i He UMeeT ChIHOBei.

IIpumep 3.10. [[Bouunoe nepeBo Ha puc. 3.12,a MOXKHO IpeACTaBUTH B Buae Tada. 3.1. [

Tao6auna 3.1. [IpeacraBiieHue JBOMYHOTO AepeBa

3Hauenue noud leftchild 3HaueHue noad rightchild
1 2 0
2 3 4
3 0 5
4 0 0
5 0 0
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IIpumep: koasl Xadpmana

IIpuBemem mpumMep NpUMEHEHUSA ABOUUYHBLIX JepPeBbEB B KAUeCTBE CTPYKTYP HAHHBIX.
s 3TOTO paccMOTPUM B3akady KOHCTpPyupoBaHus kodos Xag@marna. Ilpenmosorxum,
MBI IM€eM COOOIIeHMNs, COCTOAINEe M3 II0CJeN0BATEeJIbHOCTH CHMBOJOB. B KasKIoM c006-
I[eHUN CHMBOJIBI HE3aBUCHMBI U IIOABJIAIOTCA C W3BECTHOH BEPOATHOCTHIO, HE 3aBUCH-
e OT MOBUIUMK B cooOIeHur. Hampumep, Mbl ©IMeeM COOOIIEHUSA, COCTOAIINE U3 IIATHU
CUMBOJIOB a, b, ¢, d, e, KOTOpbIe IOSABJIAIOTCSA B COOOIMeHUAX C¢ BepodATHocTamu 0.12,
0.4, 0.15, 0.08 u 0.25 cooTBETCTBEHHO.

MpI XOTUM 3aKOAMPOBATh KaKIBLIA CHMMBOJ IIOCJIEJO0BATEJIbHOCTHIO M3 HYyJIeH W emu-
HUI[ TaK, 4TOOBI KOJ JIIOOOTO0 CUMBOJIA ABJAJCA HpeGUKCOM KOAa COODIIEeHUA, COCTOAIIE-
TO U3 IMOCHEAYIOINX CHUMBOJOB. ITO npepukcHoe c60iicme0 TO3BOJSAET NeKOAUPOBATH
CTPOKY W3 HyJIel U eIUHUIL II0CJeJOBATEeJIbHBIM yaajsieHueM npedurcos (T.e. KOJOB CHUM-
BOJIOB) U3 3TOI CTPOKH.

IIpumep 3.11. B Ta6a. 3.2 moxkasaubl ABe BO3MOMKHBIE KOAWUPOBKM MIJIsI HAIMUX IMATH
cUMBOJIOB. SICHO, UTO IepBBINI KOJ 00JsafaeT mpe(UKCHBIM CBOMCTBOM, MOCKOJBKY JIf00asd
IOCJIeIOBATEILHOCTh U3 TPeX OUTOB OymeT mpeduKCOM [Jid APYroil MmocjiesoBaTeJLHOCTHA U3
Tpex OUTOB; APYrMMH CJIOBAMHU, Jiio6as NpedUKCHAs II0CIeI0BATEIbHOCTh OJHO3HAYHO
UIeHTUDUIIUDPYETCH CUMBOJIOM. AJITOPUTM JeKOAMPOBAHUSA [IJIA 9TOTO KOJA OUYEHB IIPOCT:
HAZO0 IOoOYepeaHO OpaTh IO TPU OUTA M MPeodpasoBaTh KaKAYyH0 TPYIIY OUTOB B COOTBET-
cTByMOIIMe CUMBOJIbI. Hampumep, mocsemoBateabHocTh 001010011 cooTBeTCTBYeT HCXOX-
HOMY coobiieHuo bed.

Tao6auma 3.2. /IBa IBONYHBIX KOJa

CumBoa BeposarHocTh Kong 1 Kox 2
a 0.12 000 000
b 0.40 001 11
c 0.15 010 01
d 0.08 011 001
0.25 100 10

Jlerko mpoBepuTh, UTO BTOPOM KOJ TaKiKe obOjamaerT mpedUKCHBIM cBoicTBOM. IIpoiiecc
IeKOAVPOBAHUS 371eCh He OTJIMUAeTCA OT aHAJOTHMYHOTO IIpoliecca AJsd IepBoro kKoxa. EmuH-
CTBEHHAA CJIOMKHOCTD JJI BTOPOI'0 KOJA 3aKJIIOUAETCS B TOM, UTO HEJb3s Cpa3y BCIO IOCJIEIO-
BaTeJLHOCTb OMTOB Pas30bUThL HA OTHAeJbHbIE CEIMEHThI, COOTBETCTBYIOII[ME CMBOJIAM, TaK Kak
CHUMBOJIBI MOT'YT KOJUPOBATHCSI U ABYMSA W Tpems Oouramu. [y mprmepa pacCMOTPUM IBOMU-
Hyio nocaemoBaTenabuocTh 1101001, KoTopass onsaTh mpeacTasiaseT cuMBoJbl bed. IlepBoie mBa
6uta 11 OmHO3HAYHO COOTBETCTBYIOT CHUMBOJY b, II03TOMY MX MOKHO yIaJIUTh, TOTJA IIOJY-
uynrcesa 01001. Specs 01 Takike OLHO3HAYHO OIpeAeAeT CUMBOJ ¢ 1 T.n. []

3azaua KOHCTPYyUPOBaHUS KOAOB XaddMmaHa 3aKJIOUaeTCA B CAEAYIOIEM: MMes MHO-
2KeCTBO CHMBOJIOB M 3HAUEHHUSA BEPOSATHOCTEH MX MHOSBJEHUA B COOOIEHUAX, IOCTPOUTH
TaKoll KOof ¢ MpeUKCHBIM CBOMCTBOM, YTOOBI CpEeIHAA AJUHA Koxa (B BEPOATHOCTHOM CMBbIC-
Jie) II0CJIeIOBATEIbHOCTH CHMBOJIOB ObLjIa MUHUMAJILHOM. MBI XOTUM MUHUMU3UPOBATH CPEJ-
HIOIO JIMHY KOJa IJI TOr0, YTOOBI YMEHBIIUTh IJUHY BEPOSATHOTO COOOINeHUus (T.e. UTOOBI
coKkaTh coobIenme). Yem Kopoue cpenHee 3HaueHWe AJUHBI KOJA CHMBOJIOB, TEM KOpoue 3a-
KOAMPOBaHHOE coolIeHue. B uacTHOCTH, IepBbIN Kom u3 mpumepa 3.11 mmeeT cpemHIOO
IJIMHY KoZa 3. OTO UKCJIO IIOJYYaeTCA B Pe3yJbTaTe YMHOMKEHUA JJINHBI KOJa KaXKIOr0 CHM-
BOJIa Ha BEPOATHOCTH ITOSIBJIEHMS 9TOTO CHMMBOJIa. BTOpoil KOA MMeeT CpemHion AIUHY 2.2,
TOCKOJIbKY CHMBOJIBI @ M d MMEIOT CYMMapHYIO BepoATHOCTh moaBiaeHusa 0.20 m gamHa mx
KOZA COCTABJISIET TPU OWTA, TOr4a KaK APYTHe CHMBOJBI MMEIOT KOX AiuHOH 21,

! Orcroma ciefyeT OYeBHAHBIA BBIBOX, YTO CHMBOJBI C GOJBIINMH BEPOATHOCTSMU IIOSBIEHIHS
IOJI’KHBI UMETh CaMble KOPDOTKHUE KOAbl. — I[Ipum. ped.
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MoskHO 1 IpUAYMAaTh KOM, KOTOPBIi OBLI ObI Jiyurlle BTOporo Koza? OTBeT IOJIOMKUTEhb-
HBIN: CYIIeCTBYeT KoJ ¢ mpedUKCHBIM CBOCTBOM, CpeIHAS AJMHA KOTOporo paBHa 2.15. 3to
HAWJIYUYIIHAN BO3MOYKHBIM KOI C TEMU K€ BEePOATHOCTAMM IOABJEHUA CUMBOJIOB. Crocob
HaXOMXJAEHUA ONTMMAJLHOTO IIpeUKCHOTO Koja HasbIBaeTcsa anzopummom Xap@mana.
B aTom anropurmMe HaxoAsATCA ABA CUMBOJA @ M b ¢ HAUMEHBIIIUMHU BEPOATHOCTAMU ITOSIB-
JIeHUA U 3aMeHATCA OJHUM (DUKTUBHBIM CHMBOJIOM, HAaIpUMEP X, KOTOPBLIM MMeeT Bepo-
ATHOCTH MOABJIEHUSA, PABHYI0 CyMMe BepOATHOCTEHN IOABJEHUSA CUMBOJIOB a u b. 3arem,
WUCIIOJIL3YSI 9Ty IMPOIEAYPY PEKYPCUBHO, HAXOAMM OITUMAJbHBIN NPeGUKCHBINA KOJI I
MEHBIIIEr0 MHOKECTBAa CUMBOJIOB (Tie CUMBOJIBI @ 1 b 3aMeHeHBbI ofHUM cuMBoJioM Xx). Koz
IJIsT MCXOJHOTO MHOJKECTBAa CHMBOJIOB IIOJyYaeTCs M3 KOAOB 3aMeI[aloIUX CUMBOJIOB IIy-
Tem mobaBienus 0 u 1 mepen KoJoOM 3aMeIaroIllero CMMBOJIA, U 9TH JBA HOBBIX KOIA IIPHU-
HUMAaITCS KaK KOJbl 3aMeHseMbIX CHMMBOJIOB. Hampumep, Kom cUMBOJA a OyAeT COOTBET-
CTBOBATb KOAY CHMBOJIA X C NOGABJIEHHBIM HyJeM Ilepel d9TUM KOJOM, a AJs KOoJa CHMBOJIA
b nmepen KomoMm cuMBOJA X OyzeT mobGaBjeHa eqUHUIA.

MoskHO paccMaTpuBaTh OpeUKCHBIE KOAbl KaK IIYTH HAa JBOMYHOM JepeBe: MPOXOKIe-
HHUEe OT y3Jia K ero JieBoMy CbIHy cooTBeTcTByeT 0 B Kozme, a K mpaBomy cbiny — 1. Ecinm
MBI IIOMETHUM JUCThSA JepeBa KOOUPYEeMBIMU CHMBOJIAMU, TO IIOJYUYUM IIpeACTaBJIEHUE IIpe-
(GUKCHOrO KOma B BHUIE ABOMYHOIO jAepeBa. IIpeduKcHOe CBOMCTBO rapaHTUPYET, UTO HET
CHMBOJIOB, KOTOpbI€ ObLIM OBl MEeTKaMU BHYTPEHHUX Y3JIOB AepeBa (He JIMCThEB), U HA000-
poT, momeuasi KOAMPYEMbIMU CHMBOJIAMU TOJBKO JIUCTbA JepeBa, Mbl obecreunBaeM IMpe-
(UKCHOEe CBOMCTBO KOJa 3THUX CHMBOJIOB.

IIpumep 3.12. [IBowunbie AepeBbsA Aas KomoB 1 um 2 us taba. 3.2 moxkasaubl Ha puc. 3.14
(mepeBo ciieBa COOTBETCTBYeT Koay 1, a mepeBo cupaBa — koay 2). [

a o c d & d d

Puc. 3.14. [Jeouunvie Oepesvs, npedcmagasioujue Ko0vl ¢ NPeQUKCHbLM CE0ILCMEOM

Ona peanusanum anropurMma Xad@dmaHa MBI HCIOJIL3YEM .JeC, T.€. COBOKYIIHOCTH [e-
PeBbEB, UbM JUCThS OYAYT IMOMEUEHbl CHMBOJIAMU, IJIS KOTOPBHIX paspabaThIiBaeTcsa KOLU-
POBKa, a KOPHU IIOMEYEeHbl CYMMOII BEePOATHOCTEH BCEX CHMBOJIOB, COOTBETCTBYIOIIUX JIU-
cTbAM gepeBa. Mul OyzeM Ha3bIBATHh 9TH CyMMAapHbIE BEPOATHOCTU 6€CoM NepeBa. Buauase
KakI0My CHMMBOJIY COOTBETCTBYET JEPEBO, COCTOSINee U3 OJHOTO y3Ja, B KOHIle PaboThI aj-
TOPUTMA MBI TOJYUYUM OJHO JEePEBO, BCE JIUCThS KOTOPOIro OYAYT ITOMEUEHBI KOAUPYEeMbIMU
cuMBoJIaMU. B 9TOM JepeBe IyTh OT KOPHA K JOOOMY JIMCTY MPEACTABISEeT KO IJIS CHUM-
BOJIA-METKU 3TOTO JINCTA, COCTABJIEHHBII IO CXE€MeE, COTJIACHO KOTODOI JIEBBIH CHIH y3JIa CO-
orBercTByeT 0, a mpaBbiii — 1 (KakK Ha puc. 3.14).

BasxkupiM sTamoMm B paboTe ajropuTMa ABJISETCS BBHIOOP M3 jleca ABYX IePEBLEB C HAU-
MEHBIIIUMH BecaMu. JTHU [Ba JepeBa KOMOWMHUPYIOTCA B OJHO C BECOM, PABHBLIM CyMMe Be-
COB COCTaBJAIOIINX JAepeBbeB. lIpm cauaHWM IepPEeBHEB CO3JAETCS HOBBIM y3eJ, KOTODHIM
CTAHOBUTCA KOPHEM O0BeIUHEHHOTO JepeBa M KOTOPLIM MMeeT B KaueCcTBe JIEBOTO U IIPaBO-
TO CHIHOBEIl KOPHU CTapbhIX JAEPEBHEB. JTOT IIPOIECC IPOAOJIKAETCS A0 TEX IIOP, IOKa He
MOJIYyYUTCSA TOJIBKO OJHO JepeBOo. OTO JAePEeBO COOTBETCTBYET KOAY, KOTOPHLIN MpU 3aJaHHBIX
BEPOATHOCTAX UMeEEeT MUHUMAJIbHO BOSMOYKHYIO CPEIHIOIO JJINHY.
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Puc. 3.15. 9manvt co3danus depesa Xappmana

IIpumep 3.13. IlociemoBaTesbHbBIE IIATW BBHIMOJHEHUA aaropuTMa XaddmaHa His KOIu-
PYEeMbBIX CHUMBOJIOB M UX BEPOSATHOCTEI, 3aJaHHBIX B TabJ. 3.2, mpeAcTaBjeHbl Ha puc. 3.15.
3necy BugHO (puc. 3.15,m1), YTO CUMBOJBI @, b, ¢, d U e TMOJYYUIN COOTBETCTBEHHO KOIbI
1111, 0, 110, 1110 u 10. B sToM mpumMepe CYIIECTBYeT TOJHLKO OTHO HETPUBHAJIBHOE IEPEBO,
COOTBETCTBYIOIIee OINTUMAJIbHOMY KOAY, HO B OOIIEeM CJIyd4ae HUX MOKET OBITh HECKOJBKO.
Hanpumep, ecam 661 CUMBOJIBI b 11 e uMesn BeposaTHOCTU cooTBeTcTBeHHO 0.33 m 0.32, To mo-
cJjie Iara aJaropuTMa, IoKasaHHoro Ha puc. 3.15,B, MOXKHO ObLIO OB KOMOMHUPOBATE b 1 e, a
He IPUCOEAUHATh € K OOJILIIIOMY ZePeBy, KaK 9TO cAejaHo Ha puc. 3.15,r. O

Temeps omnuieM HeOOXOAMMBIE CTPYKTYPHI NAaHHBIX. Bo-MepBBIX, IJA IPEACTABICHUS
IBOMUHBLIX JIepeBbeB MBI OymeM ucmoab3oBaTh maccuB TREE (llepeBo), cocTodAuii us 3a-
nucedl caemyIIIero TUia:

record
leftchild: integer;
rightchild: integer;
parent: integer

end

Yrkazarenu B moJie parent (POAMTENb) 00JIE€TUAIOT MOUCK IyTell OT JNCTa K KOPHIO IIPU 3a-
OUCHU KOJa CHMBOJIOB. BO-BTOpPBIX, MBI ucmoab3dyemM maccuB ALPHABET (Andasur), Tak-
JKe COCTOAINUM M3 3amuceil, KOTOPble UMEIOT CJEeAYIOITUI THUII:

record
synbol : char;
probability: real;
leaf: integer { xypcop }
end
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B srom maccuBe karkzomy cuMmBouy (mose symbol), mopmeskalmieMy KOIUPOBAHUIO, CTABUT-
cA B COOTBETCTBE BePOATHOCTD €r0 IoABJIeHus (moJse probability) n nucT, MeTKOH KOTOPO-
ro oH sBiaserca (moJie leaf). B-Tperbux, AJs MpencTaBIeHUS HEIMOCPEACTBEHHO IePeBLeB
"HeoOxoaquMm MmaccuB FOREST (Jlec). 9Tor maccuB OyneT COCTOATH M3 3alUCEH € IIOJIAMU
weight (Bec) u root (KOpeHb) CIEAYIOIIETO THUIA:

record
wei ght: real;
root: integer
end

Hauasbuble 3HaUEHUST BCEX TPEX MACCHBOB, COOTBETCTBYIOIIMUX AAHHBIM Ha puc. 3.15,a, mo-
Kasaubl Ha puc. 3.16. Ockus mporpamMMsl (IICEBAOIPOrpaMMa, T.e. IporpaMMa Ha IICeBAOSA3bIKE,
KaK OIMCAHO B IiiaBe 1) mocTpoeHus aepeBa Xad@dmaHa mpeacTaBjieH B JUCTUHTE 3.8.
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Puc. 3.16. Hcxo0Hoe cocmostue Maccusos
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JIuctunr 3.8. IIporpamma nocrpoeHus nepesa Xadphmana

(1) while cymecreyer 6onee omHoro mepeBa B Jjecy dO
begi n
(2) i ;= mumexc mepesa B FOREST ¢ HauMeHbumMM BecowM;
(3) j i = unnexc mepesa B FOREST cO BTOpPEM HayMEHBIMM BECOM,;
(4) CozmaHme HOBOTO y3ya c JeBbM cuHoM FOREST[i].root u
npaeem cuiHom FOREST[j].root;
(5) SamenHa B FOREST nepepa i nepeBoM, UbMM KOPHEM ABJIAETCH
HOBBII y3eJl U Uell BeC paBeH
FOREST[ i ].weight + FOREST[]].weight;
(6) Ynaneuue mepeBa | uz maccusa FOREST
end;

Hns peanusanuu cTpoku (4) guctuHra 3.8, rie yBeJIUUYUBAETCA KOJUYECTBO MCIIOJIb-
3yeMbIX AdeeKk maccuBa TREE, u ctpok (5) u (6), rage yMeHbIIaeTCA KOJUYECTBO SUEEK
maccuBa FOREST, mbl OymeM UCIIOJIb30BaTh KYPCOPHI lastiree (mocieniee mepeBo) u lastnode
(mocyemumuit y3eia), yKaswIlBaroliue cooTBeTcTBeHHO Ha maccuB FOREST u maccuB TREE.
IIpenmonaraercs, 4TO 9TU KYyPCOPHI PACIIOJIAralOTCS B IIEPBBIX AUefKaX COOTBETCTBYIOIIUX
MaccuBoB!. MBI TaKsKe HpeAIIONAraeM, 4TO BCe MACCHBBI MMEIOT OIPEeNeJeHHYI0 00bABICHHYIO

1 Iast arama 4yTeHWsl JAaHHBIX, KOTOPBIM MBI OIIyCKaeM, HEOOXOAUM TaKiKe Kypcop AJis MaccuBa
ALPHABET, xotopblii 6bl “ciienuy” 3a 3alIOJHEHUEM JaHHBIMU 3TOTO MAacCHUBa.
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IJINHY, HO 3leCh MBI He OyZeM IIPOBOAUTHL CPABHEHNE STHUX OTPAHUUYMBAIOINUX 3HAUCHUN CO
3HAUEHUAMU KYPCOPOB.

B auctunre 3.9 mpuBemeHbl KOABI IBYX MOJIE3HBIX mporenyp. Ilepsasa us Hux, lightones,
BBITIOJIHAET peayns3anuio cTpok (2) u (3) suctunra 3.8 mo BIOOPY UHAEKCOB ABYX IEePEBLEB
C HAUMEHBLIIMMHU BecaMHu. Bropas mporeaypa, QyHKIus create(nq, n,), cCO3gaeT HOBBIHN
y3eJl U JejiaeT 3aJaHHbIe Y3Jbl 1 U Ny JeBBIM U IPABbIM ChIHOBBIMH JTOTO y3Ja.

JIuctunr 3.9. [IBe iponexypsl

procedure |lightones ( var |east, second: integer );

{ npuceausaer nepemennrm | east u second mHmexcH Maccusa
FOREST, cooTBeTcTByHIME IEPEeBbAM C HAVMEHBIMMM BECAMM.
llipennosiaraercsa, uro | asttree = 2. }

var
i integer;

begi n { mmyumammsauma | east u second,

paccMaTpuUBalTCA TMepBLie OBa IepeBa }
i f FOREST[ 1] . wei ght <= FOREST[ 2] . wei ght then
begin least:= 1, second:= 2 end

el se
begin least:= 2; second:= 1 end
for i:=3 to lasttree do
if FOREST[i].weight < FOREST[| east].wei ght then
begin second: = least; least:=i end
el se if FOREST[i].wei ght < FOREST[ second].wei ght then
second: = i

end; { lightones }

function create ( lefttree, righttree: integer ): integer;
{ BO3BpalaeT HOBBIA y3er, Yy KOTOPOI'O JIEBEM M IIPABEM CBIHOBBAMU
cranosarca FOREST[ | efttree].root u FOREST[righttree].root }
begi n
| ast node: = | ast node + 1;
{ sauenxa TREE[| astnode] nna HoBOTO y3ma }
TREE[ | ast node] . | eftchil d: = FOREST[ | efttree].root;
TREE[ | ast node] . ri ghtchild: = FOREST[righttree].root;
{ Tellepb BBeIeM yKas3aTeJiM OJid HOBOT'O y3Jila M eI'o CBEIHOBEM }
TREE[ | ast node] . parent: = 0;
TREE[ FOREST[ | efttree] . root] . parent: = | ast node;
TREE[ FOREST[righttree].root]. parent: = | ast node;
return(l ast node)
end; { create }

Teneps Bce He)OpPMAJILHBLIE OIEPATOPHI JHUCTHUHIA 3.8 MOMKHO OIMMCATH IOApoOHee. B jmc-
TuHre 3.10 npuBenen Koj mpouenypbl Huffman, xoTopas He OCYIIECTBJISIET BBOJ U BBLIBOZ, a
paboTaer co CTPYKTypaMu, IOKa3aHHBIMU Ha puc. 3.16, KoTopble 00BABIEHBI KaK IJI00aIbHEIE.
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JIuctunr 3.10. Peanusanua aaropurma Xadgdgpmana

procedure Huf f man;
var
i, j:integer; {moBa mepeBa c HamMenbumMy Becamy uz FOREST}
new oot : integer;
begi n
while lasttree > 1 do begin
lightones(i, j);
new oot: = create(i, j);
{ nanee nmepeso | 3amensercsa nepesom c KopHem hew oot }
FOREST[ i ] . wei ght : =FOREST[ i ] . wei ght + FOREST[j]. wei ght;
FOREST[i].root:= new oot ;
{ nmanee mepeBo | samensercs Ha nmepeso |asttree,
vaccue FOREST yMmeHbmaeTcs Ha OOHY B3amnuch }
FOREST[j]:= FOREST[ | asttree];
lasttree:= lasttree — 1
end
end; { Huffran }

Ha puc. 3.17 mokasama CTPYKTypa JaHHBIX W3 puc. 3.16 mocie Toro, Kak 3HaUYeHUE
mepeMeHHOI lastiree yMeHbIIIeHO 10 3, T.e. Jec UMeeT BUJ, IIOKa3aHHbIN Ha puc. 3.15,B.

1|025] 5 4 1 0,12 — 1] 0 i &
2foan| 2 4" . 2 o40| 2 4—= 2l o] o] o
sfoas| 74 3| ¢ |ois| 34— oo 7
weight rood il g loopl 44— 4] 0 a &
FOREST sl & 1ozl 51— slo]Jo]o
symbol proba- leaf B 4 1 7
bty 7| 3] 6| o
ALPHABET laft-  nght- parand
chiid  chid
TREE

Puc. 3.17. Cmpyxmypa 0arHblx nocae 08yx umepayuii

ITocie 3aBepIiiennsi pabOTHI AJArOPUTMA KOJ KaKJOr'0 CHMBOJIA MOXKHO OIPEAEeSUTh CJie-
nyromuMm obpasom. Haiimem B maccuBe ALPHABET 3amuch ¢ HY)XKHBIM CHUMBOJI B IIOJE
symbol. 3areM mo 3HaUeHUIO IoJA leaf dTOIl ’Ke 3amKCH OIpEZEINM MECTOIIOJIOXKEHUe 3a-
nucu B mMaccuBe TREE, xotopasg COOTBETCTBYeT JIMCTY, IOMEYEeHHOMY pacCMaTpUBaeMbIM
cuMBoJIoM. [lajiee mocsesoBaTeIbHO IIEPEXOAUM II0 YKAal3aTesdlo parent OoT TeKyIlell 3alucu,
HaIlpUMep COOTBETCTBYIOIIEH Y3y n, K 3anucu B maccuBe TREE, cooTBeTCTBYIOIEH ero
ponutenio p. Ilo pomuresnto p ompemessieM, B KakoM ero moJe, leftchild nnu rightchild,
HaXOJQUTCA yKasaTesJ b Ha y3€J N, T.e. ABJIAETCA JIU y3€J N JIEBBIM WUJIU IPAaBBIM CHIHOM,
u B cooTBeTcTBUU ¢ 3TuM nedataemM 0 (mya jieBoro cbiHa) muau 1 (I mpaBoro ChiHA). 3a-
TeM IIePeXOAUM K DPOAUTENI0 y3Jia P W OIpeHesiseM, SBJISETCA JIM €ro CbIH p IPaBbIM WJIU
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JIEBbIM, 1 B COOTBETCTBUU C 9TU IIedaTaeM CJIeAYIOIYIO 1 win 0, 1 T. OI. 00 CaMOro KOpHA
Jlepesa. Takum O6paBOM, KO CHMBOJIa 6y,[[eT HaIleyaTaH B BHJEe IIOCJIeN0BaATEJIBHOCTHU ou-
TOB, HO B 06paTHOM IIopdaaKe. Yro06sI pacredyaTaTb 9Ty IIOCJIeJOBaTE/JIbHOCTb B IIPAMOM IIO-
pAnKe, Hago Ka)R,I[LIfI ot{epe;{Hoﬁ ouT IIoMenaTh B CTEK, a 3aTeM pacrnedaTaTb COAEPHUMOe
CTeKa B OOBIYHOM IIopdaakKe.

Peanusanusa IBOMYHBIX JePEeBhEB C MOMOIIBIO YKa3aTeJaei

s yKasaHusa Ha IPaBbIX U JIEBBIX CHIHOBell (1 pojuTesieil, ecau HEOOXOAMMO) BMECTO
KYPCOPOB MOXKHO HCIIOJIb30BATh HACTOAIME yKasaTeau sa3bika Pascal. Hampumep, MOKHO
crenaTh 00'bABIIEHNE

type
node = record
| eftchild: t node;
rightchild: t node;
parent: 1t node

end

Hcnonb3ysa 3TOT TUII ZAaHHBIX Y3JI0B ABOUMYHOIO AepeBa, GyHKIUIO create (nmuctuHr 3.9)
MOJKHO IIepenuncaTh TaK, KaK IMOKa3aHO B CJEAVIOIEeM JINCTUHTE.

JIuctunr 3.11. Kox ¢pyHKIIMU create ipu peaan3anuy TBOUIHOTO TepeBa C
TIOMOIIBI0 YKa3aTeJel

function create ( lefttree, righttree: tnode): 1tnode;

var
root: tnode;

begi n
new(root);
roott.leftchild:= lefttree;

roott.rightchild:= righttree;
roott+.parent: = 0;
lefttreet.parent: = root;
righttreer. parent: = root;
return(root)

end; { create }

YnpakHeHUS

3.1. OrBerbTe Ha cJEAYIOIIKE BOIPOCHI O JepeBe, IOKasaHHOM Ha puc. 3.18:
a) Kakue y3JIbl 9TOTO JePeBa ABJIAIOTCA JUCTbAMU?
0) KaKoli y3eJs ABJIAETCSI KOpHEM JepeBa?
B) KaKoi yses aBjsieTcsa poguresnem ysua C?
T') Ha30BUTEe CHIHOBel ysiua C;
) HA30BUTE IIPEJKOB y3ia E;
€) Ha30BUTe MOTOMKOB y3Ja E;
2K) KaKMe Y3JIbl ABJISAIOTCSA IPaBbIMU OpaThbaMu y3J0B D u E?
3) KaKue y3JIbl JIeXKaT cjeBa U cupasa oT yauaa G?
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3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

3.8.
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) KakKoBa ray6uua ysaa C?

K) KaKoBa BeIcoTa yana C? /A\
CKOJIbKO IIyTell AJWHBI 3 CYII[eCTBYeT Ha c
IepeBe, MOKAa3aHHOM Ha puc. 3.187?

Hamnumure nmporpaMMbl BBIYUCIEHUS BBI-

COTBI /lepeBa C WCIOJNb3OBAHMEM TPEX = =

(= 1
IpeacTaBJIeHUN [IepPeBbeB, ONHCAHHBIX B 0
pasgeie 3.3. / \
o K I

{

CocTaBbTe CIIMCKU y3JIOB JepeBa, Ipej-
cTaBJeHHOTo Ha puc. 3.18, mpu obxome

.I
9TOTrO JepeBa / \
M i

a) B IPAMOM IMOPSAKeE;
6) B 0OpaTHOM IIOPSAIKE;
) P P Puc. 3.18. lepeso
B) BO BHYTPEHHEM MOPAIKE.

IlycTs nBa pasiauyHBIX y3Ja m ¥ N IPUHAAJEXKAT OZHOMY M TOMYy Ke nepeBy. Ilo-
KajyKuTe, YTO TOJBKO OJHO M3 CJAEAYIOINUX YTBEPKIACHUN MOKET ObITh MCTUHHBIM:

a) yseJ m pacIoJIOKeH cjeBa OT yaJja n;
6) y3eJ1 m pacIoJIO}KeH cIpaBa OT y3Jia n;
B) y3€J M — WCTUHHBINA IIPEIOK y3Ja 1;
T) y3€J m — WUCTUHHBIN IIOTOMOK y3Ja n.

ITocTaBbTe rajIoUKy B AYEUKY Ha IepeceueHuU CTPOKM i M CTOJIOIa j, ecJii OZHOBpe-
MEHHO BBIIIOJIHSIOTCS YCJIOBUS, IIPEICTaBJIeHHbIE B 3ar0JJOBKAX CTPOKH i M CTOJIOIA j.

V3en n nmpepmiecTBy- Y3eJs n IPENIIECTBY- ¥ 3€J N IPEeAIIeCTBY-

eT y3JIy m Ipu eT y3JIy m Ipu eT y3JIy m Ipu
obxoze mepeBa obxoze mepeBa CUMMETPUUYHOM
B IPSIMOM IOPAAKEe B 00PAaTHOM IIOPAIKE o0xoje mepeBa

¥Y3en n pactmo-
JIO’KEH CJIeBa OT
ysiaa m

¥Y3en n pacno-
JIOJKEH cIIpaBa
OT y3Jia m

¥Yzen n — uc-
TUHHBIN IIPETOK
yaJyua m

VY3en n — wuc-
TUHHBIH IIOTO-
MOK y3Jia m

Hampumep, mocTaBbTe rajlouKy B AUYEHKY Ha IepeceueHre TPEThel CTPOKM M BTOPO-
ro cToJfIa, eCJV YBEPEeHBI, YTO y3eJ N MOXKEeT ObITh MCTUHHBIM IPEJKOM y3ja m u
B TOKE BpeMs INPeJIIeCcTBOBATh Y3JIy M Ipu 00Xofe AepeBa B 00paTHOM IIODSIKeE.

IIpennonmosxkum, uro ectb mMaccuBbl PREORDER][n], INORDER[z] u POSTORDER[7],
CcoZepJKallle CIUCKYU y3JI0B IepeBa, MOJIyUeHHBIe IIPU €ro 00Xole B IPSAMOM, BHYT-
penHeM M OOpaTHOM MOPSAAKE COOTBETCTBEHHO. VICMOJIBL3ysT 9TU MACCHUBBI, OMUIIUATE
aJITOPUTM, KOTOPBIN AJs Jt060i Maphl Y3JIOB i U j OIpenessieT, sIBJIAeTCA JU y3es i
IpegKoOM y3Ja j.

Cy1iecTByeT CIocod MPOBEPUTH, SBIAETCA JU OAWH y3€J UCTUHHBIM IPEIKOM IPY-
TOoro ysJjia, KOTOPBIIl OCHOBAH Ha CJEAYIOIeM IIpaBUJIe: Y3eJ M SBIAETCA UCTUHHBIM



3.9.

3.10.

3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

OpeaIKoOM y3Ja n, eclu y3eJ m IIpeAllecTBYeT y3Jy n mpu obxoje mepesa B X IIO-
pALKe, HO CIeAyeT 3a y3JIOM n mpu o0xoge B Y mopsgke, rae X u Y BbIOMPAIOTCS U3
MHOKECTBa {npsamom, oopamuom, suympernem}. Oupenennre Bce BO3MOKHbBIE IAPbI
X n Y, Korga 5TO MPaBUJIO CIPAaBEAJINBO.

Hanwumure nporpaMmbl 06X0/1a ZBOUYHBIX JE€PEBHEB
a) B IpAMOM IMOPSAKeE;

6) B 00paTHOM IOPAIKE;

B) BO BHYTPEHHEM NOPAIKE.

IIpu mpoxoskAeHUM IepeBa 8 nopsdke YyposHeil B CIUCOK y3JI0B CHAadajia 3aHOCUTCS
KODEeHb [lepeBa, 3aTeM BCe Y3JIbI TVIyOMHBI 1, majiee Bce y3JIbI TVIYOMHBI 2 U T.N. ¥Y3-
JIBI OAHOM TJIyOWHBI 3aHOCATCA B CIIMCOK Y3JIOB B IMOpAAKe cjaeBa HampaBo. Hamu-
IIUTe IPorpaMMy 00X0[a JepeBbeB B MOPSIAKE YPOBHEM.

IIpeoGpasyiiTe Boipaskenue ((a +b) +c*(d+e)+f)*(g+ h)

a) B mpedUKCHYIO GOPMY;

6) B mocTUKCHYIO hopMy.

Hapucyiite nepeBo, cOOTBeTCTBYIOIee TPePUKCHBIM BhIPAKEHUAM

a) *a + b*c + de;

6) *a + *b + cde.

Ilycte T — nepeBo, B KOTOPOM KaiKABIN y3es, He ABJIAIOMIUNCA JINCTOM, HUMeeT

POBHO ABYX CchIHOBei. Hamuiure mporpaMmbl mpeoGpasoBaHus

a) cmucka ysJjoB gepeBa T, cOCTaBJIEHHOTO IIPU 00XOfe AepeBa B IMIPAMOM MOPSAKeE,
B CIIMCOK, COCTABJIEHHBIN IMpKu 06X0/e B 00PATHOM IIOPALKE;

6) cmucka ysyioB gepeBa T, cocTaBJIeHHOI'O Ipu 00Xofe JepeBa B 00OpaTHOM MHOPSAJ-
Ke, B CIIMCOK, COCTaBJIEHHBIN IMPU 00X0[e B IPAMOM IHOPAIKE;

B) CIIMCKa y3JIoB aepeBa T, cOCTABJIEHHOTO IIPU 00XOMe AepeBa B IIPAMOM MOPSAKeE,
B CIIMCOK, COCTABJIEHHLIN IPU CUMMETPUYHOM 00XOIe.

Hanumwure nmporpaMMy BBIUKMCJIEHUSA apupMeTHUECKUX BBIDAKEHUH mpu o0xomae

IepeBa

a) B IpAMOM MOPSAKeE;

6) B 00paTHOM IOPATKE.

OBouuHOEe nepeBO MOXKHO ompenenuTs Kak ATJl co cTpyKTypoil IBOMYHOTO AepeBa

u oneparopamu LEFTCHILD(n), RIGHTCHILD(n), PARENT(n) u NULL(n). Ilep-

Bble TPU OIlepaTopa BO3BPAIAIOT COOTBETCTBEHHO JIEBOT'O ChIHA, IPABOTO ChIHA U

poauTesia yaJja n (ecjiu TaKoBOro HeT, To BoadBpariaerca A). Ilocaexuuii omepaTop

BO3BpAalllaeT 3HaueHWe true Torma W TOJHKO TOTAA, KOTJA JepeBO C KOPHeM 1 SB-

JseTcsa HyJieBbIM. PeanusyiiTe aTu OIepaToOphl AJisi ABOMYHOI'O JepeBa, IIPeacTaB-

JeHHoro B tabua. 3.1.

Hanwuinure mporeaypsl OJisS CEeMU OIepaTOpPOB JepeBbeB u3 pasipesa 3.2, MCHOJb3ys

cJaenyIONe peaans3alu 1epeBbheB:

a) yKasaTeJu Ha POAUTEJel;
6) CIIMCOK CBIHOBeIl;
B) yKasaTeJiu Ha CaMOTO JIEBOTO ChIHA M Ha IIPaBOTO Opara.

Cmenenvio y3.a Ha3bIBaeTCA KOJIUYECTBO ero chlHOBeil. IlokaskurTe, YTO B IPOMB-
BOJIbHOM JBOWYHOM JepeBe KOJIMYECTBO JINCTHEB HA €NWHUILY OOJIbIIe YHCJA Y3JIOB
CO CTeIleHbIo 2.

Hoxaxkure, 4TO B JIOOOM ABOMYHOM JepeBe BBICOTOH £ KOJIWYECTBO y3JOB He IIpe-
Bemaer 21 — 1, JIBouunoe mepeBo BHICOTOM / ¢ MAKCHMAIBHO BO3MOJMKHBIM KOJIH-
YeCTBOM YB3JIOB Ha3BIBAETCS MOJHbLM JBOUYHBIM JePEBOM.
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*3.19.

3.20.

*3.21.

*3.22.

IIpeamono:xumM, 4TO JepeBO peaausdyeTcs ¢ IIOMOINBIO yKasaTejeli Ha caMOro JeBOI'O
ChbIHA, HA IpaBbIX OpaTheB M Ha poxuTens. PaspaboraiiTe ajaropuTMbl o6Xxoma [me-
DPEBBEB B IMPSAMOM, OOPATHOM UM BHYTDEHHEM IIOPSAAKEe, HE MCIOJb3ysd IPU ITOM CTe-
Ka, KaK CJIeJIaHO B JINCTHUHTE 3.3.

Ilycts cumBOJBI @, b, ¢, d, e 1 [ UMEIOT BEPOSATHOCTHU IIOSBJIEHUS COOTBETCTBEHHO
0.07, 0.09, 0.12, 0.22, 0.23, 0.27. Haiigute onTuMaJabHbIA Kon XaddmaHa U HApPU-
cyiiTe cOOTBETCTBYyIOIee eMy aepeBo. KakoBa cpegusass qamHa Komga?

Ilycte T — pepeBo Xag¢gmaHa U IyCTh JIUCT, IIOMEUEHHBIA CHMBOJIOM @, MMeEET
OOJIBIITYIO TJIYOWHY, UeM JIHCT, IIOMEUEeHHBIH cuMBOJOM b. I[oKasKuTe, YTO BEPOAT-
HOCTb CHMBOJIa b He MeHbIIe, YeM BepPOSATHOCTL CUMBOJIA d.

Hokakure, 4TO B pe3yJabTaTe BBLIMOJHEeHUA aaroputva XaddmaHa Aad 3amaH-
HBIX BEPOATHOCTEHN IToJIlyyaeTcs ONTUMAJbHBINA Kox. Cogem: HCIONbB3yHTE YII-
paxkuenue 3.21.

Bub6auorpadguueckne 3ameyaHusa

B pa6Gorax [11] u [47] paccmaTpuBaioTCsI MaTeMaTUYeCKHe CBOMCTBA AepeBbeB. B [65] u [81]
IpuBefieHA AOIOJHUTEJbHAA WHDOpMaNusa O AepeBbAX JBOWYHOrO moucka. MHorme pabo-
THI, IpUBeJeHHbIe B riaBe 6 u oTHocAmuecsa K rpadaM M UX NPUMEHEHUIO, COLEPIKaT
TaK/Ke MaTepHaJ O AePeBbAX.

AJIropuTM IIOMCKa OINTHUMAJBHOTO KO/a, ONMMCAHHBIN B paszeine 3.4, B3AT uad pabors! [54].
B [83] nano coBpeMeHHOe mcciieJoBaHNE STOTO AJITOPUTMA.
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