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CIUSHUE U COPTUPOBKA
CINAHUEM

C €MEICTBO aJITOPUTMOB OBICTPOI COPTUPOBKH, PACCMOTPEHHOE B TJIaBe 7, OCHOBAHO Ha
ornepaluu gul0opku, T.e. Ha HAXOXIEHUU K-TO MUHUMAJILHOTO 3JieMeHTa B (aitie. Mbl
yOenuJICh B TOM, YTO BBITTOJIHEHUE OTEPAIIMU BHIOOPKU aHAJIOTUYHO NeIeHunIo daiiina Ha 1Be
YacTH: 9acTh, CONMEPXKAIIYIO A MEHBIIIMX 3JEMEHTOB, M 4acThb, comepxkalnyio N —k OOIbIINX
2JIEMEHTOB. B 3TOIi r1aBe Mbl pACCMOTPUM CEMENCTBO AJITOPUTMOB COPTUPOBKU, OCHOBAHHBIX
Ha TIPOTUBOTIONIOKHOM TIpoliecce, CAUsHUU, T.e. OObeANHEHNH IBYX OTCOPTUPOBAHHBIX (haiijIoB
B ofivH (paiin Gosbiero pasmepa. Ha cimsiHum ocHoOBaH MpPOCTO# alTOPUTM COPTUPOBKM BUIIA
“paznensiii M BAacTBYH” (cM. pasfen 5.2), a Takke ero ABOMHUK — aJTOPUTM BOCXOJsIIeit
COPTUPOBKU CIMSIHUEM, TIPU 3TOM 00a aJiIrOpUTMa JOCTATOYHO MPOCTO PEeaTu3yIoTCs.

Bribopka v ciusiHie — MPOTHBOTIONOXHbBIE OMepallii B TOM CMBICJIE, YTO BHIOOpKA pa3-
OuBaeT (haiian Ha 1Ba He3aBUCUMBIX (aiina, a causHUe OObeIUHSIET ABa HE3aBUCUMBIX (aiina
B onuH. KOHTpacT MeXay 3TMMU ABYMs OINEepalMsIMM CTAHOBUTCSI OUEBUAHBIM MPU TIPUME-
HEeHUU TPUHLIMIA “pa3nessiii M BAACTBYH” IJIST CO3MaHUST KOHKPETHBIX METOIOB COPTUPOBKH.
MoxHO TiepeynopsiIounTh haiil TakuM 00pa3oM, YTO eciii OTCOPTUPOBaTh 0be yacTu daiina,
CTaHOBUTCSI YIIOPSIIOYEHHBIM U BeCh (haiijl; 1 Ha000pOT, MOXKXHO pa30ouTh (aiil Ha ABE YacTH,
OTCOPTHPOBATh MX, a 3aTeM OOBEAMHUTD YIOPSIOUEHHbIE YACTU U MOJTYYUTh BeCh (aiia B yITo-
psAoYeHHOM Buze. Mbl ykKe BUIEIU, YTO TIOJydaeTcsl B IEPBOM CiIydyae: 3TO ObICTpasi COPTH-
pPOBKa, COCTOSIIIIAs U3 MPOLEAYPHl BHIOOPKH, 32 KOTOPO# CIEIYIOT JBa PEKYPCUBHBIX BBI30BA.
B 3T0ii rmaBe Mbl PACCMOTPUM COpMUPOBKY causnuem (mergesort), KOoTopast SIBJsSIeTCsl POTU-
BOITOJIOXKHOCTBIO OBICTPOI COPTUPOBKU, MOCKOJBKY COCTOUT U3 ABYX PEKYPCUBHBIX BHI3OBOB C
MNOCJEaYIOLIEH MPOLEeaYPO CAUSHUS.

OnHuM M3 HamboJiee MPUBJIEKATEIbHBIX CBOMCTB COPTUPOBKU CIUSIHUEM SIBJISIETCSI TOT
dakT, uTo oHa copTupyeT ¢aiis, cocTosinii U3 N 2JIeMEHTOB, 3a BpeMsl, TPOMOPIIMOHATb-
Hoe N logN, He3aBUCHMMO OT XapakKTepa BXOJIHBIX TaHHBIX. B riaBe 9 Mbl Mo3HaAaKOMUMCS C
ele OMHUM aJITOPUTMOM, BPEeMST BBITTOTHEHUSI KOTOPOTO TapaHTUPOBAHHO TTPOMTOPIIMOHATBHO
N logN; 3TOT aJiIropuT™M HOCUT Ha3BaHUe nupamudanvholi copmuposku (heapsort). OCHOBHOM
HEI0CTaTOK COPTUPOBKY CIMSHUEM 3aKJII0YaeTcsl B TOM, YTO MPOCThIE pean3allii 3TOrO ajl-
TOpUTMa TpeOYIOT 00beMa JOTOJTHUTEIBHOM aMSITH, TIPOITOPIIMOHATIBHOTO N. DTO MPETSTCT-
BME MOXHO MPEO0JeTh, OMHAKO CIOCOOBI CAeJaTh 3TO HACTOJIbKO CJOXHBI, YTO MPaKTUYECKU
HEeTIPUMEHUMBI, OCOOEHHO €CJIM Y4eCTh, YTO MOXHO BOCTIOJNb30BaThCS MUPAMUIATIBLHON COp-
TUpOBKOIi. KomupoBaHre COPTUPOBKU CIMSIHUEM He TPYIHee KOTUPOBAHUS MUpaMUIATBHOM
COPTUPOBKM, a JIJIMHA € BHYTPEHHEro LMKJa HaXOAUTCS MEXIy aHAJIOTMUYHBIMU MOKa3aTe-
JIIMU OBICTPOI COPTUPOBKM U MUPAMUIAIBHON COPTUPOBKU; TaK YTO COPTMPOBKA METOIOM
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CIIASTHUST TOCTOMHA BHUMAHMUSI, €CJIM BaXKHO OBICTPOAEICTBYE, HEAOTYCTUMO YXYIIIEHUE TTPO-
M3BOAUTEILHOCTH Ha “HeyHOOHBIX” BXOMHBIX TaHHBIX M JOCTYIIHA TOIOJHUTEIbHAS ITaMsITh.

TapanTupoBaHHOE BpeMsl BBIIOJIHEHMS, IIponopLuruoHaibHoe N logN, MoxeT OBITh U He-
noctatkoM. Harpumep, B TiaBe 6 GbUTM OMUACAHBI METOIBI, KOTOPbIE MOTYT OBITh aAanTUPO-
BaHbl TaKMM 00pPa30M, YTO B HEKOTOPBIX OCOOBIX CUTYALIMSIX BPEMsSI MX BBIMOJHEHUST MOXET
OBITh TMHEHHBIM — HaNpUMep, TP JOCTATOYHO BBICOKOM YMOPSAOYEHHOCTH (aiina amdo
MpU HAJIMYUM JIUITb HECKOJIBKUX Pa3IMYHBIX KIIoueil. B TpOoTUBOIIOI0XHOCTD 3TOMY BpeMst
BBITIOJIHEHUSI COPTUPOBKM CIMSIHMEM 3aBUCHUT TJIaBHBIM 00pa3oM OT YMcia KIoyeil BXOAHOTO
aitna 1 MpakTUYECKU He YYBCTBUTENBHO K UX YIOPSIOYEHHOCTH.

CopTHpoBKa CIUSTHUEM SIBJISIETCS] YCTOMYMBOM, U 3TO CKJIOHSIET Yallly BECOB B €€ TOJIb3y B
TeX MPWIOXEHUSIX, B KOTOPBIX YCTOMUMBOCTh BaxkHa. KOHKypuUpYyIolIve ¢ Hell MEeTONbl, TaKue
Kak ObICTpasi COPTUPOBKA WJIM NTMpaMUIaIbHasA COPTUPOBKA, HE OTHOCSITCST K YMCITY YCTOMYM-
BbIX. PazmuuHble rpueMbl, oOecrieuyrBalole yCTOMUMBOCTh 3TUX METO0B, OOBIYHO TPeOYIOT
JOTIOTHUTEIBHOM MaMsITH; TIO3TOMY €CJIM Ha MEPBbIi M1aH BBIABUTAETCSI YCTOMYUBOCTD, TO TPE-
GoBaHMeE JOTIOJHUTEILHOM TTaMSITH JIJTSI COPTUPOBKU CJIMSTHUEM CTAaHOBMTCSI MEHEe BaXKHBIM.

Y COpTUPOBKU CIUSIHUEM €CTh €1lle OJHO, MHOT/IAa OYEHb BaXXHOE, CBOMCTBO: OHAa OOBIU-
HO peanu3yeTcsl TAKUM 00pa3oM, YTO oOpaulaeTcsl K JaHHbIM B OCHOBHOM IOCJIEOBATEIbHO
(omuH aeMeHT 3a Apyrum). [103TOMy COPpTHPOBKA CIUSHUEM YI00HA IS YITOPSIMOUYECHUSI CBSI3-
HBIX CIIMCKOB, JUIS KOTOPBIX MIPUMEHUM TOJIbKO METOI TTocjenoBarebHoro gocryna. I[To tem
XK€ TIpUYMHAM, KaK Mbl YBUIVM B TJ1aBe 11, Ha CIMSHUM 4YacTO OCHOBBIBAIOTCSI METOJIbI COPTHU-
POBKU UTSI CIIEIIMAIM3UPOBAHHBIX Y BBICOKOIIPOU3BOIUTENIBHBIX MAIIMH, TTOCKOJIBKY B TaKMX
BBIYMCIIUTENIBHBIX Cpelax MocieI0BaTe/IbHbINM TOCTYI K JaHHBIM SIBJISIETCS CAMbIM OBICTPBIM.

8.1. ABYXNYTEBOE CNUSHUE

IMpu HaMYKUKM ABYX YHOPSIAOYEHHBIX BXOAHBIX (haiijloB UX MOXHO OOBEAMHUTHL B OAWH
YIIOPSIIOYEHHBIN BBIXOMHOM (haiijl, MPOCTO MOBTOPSISI LIMKJI, B KOTOPOM MEHBIINWI U3 ABYX 3Jie-
MEHTOB, HAMMEHBIIIMX B CBOMX (paiiiax, MepeHOCUTCSI B BBIXOMHOU haiisl; U Tak 10 Mcuepria-
HUS 000MX BXOAHBIX (ailnoB. B 3T0M U cienyloniem pasnesnax OyayT pacCMOTPEHbI HECKOJIBKO
peanu3anuii 3Toil 6a30BOIl aOCTpaKTHOM omepaunu. BpeMs BHIIIOJHEHUS JUHEITHO 3aBUCUT
OT KOJIMYECTBA 3JIEMEHTOB B BBIXOJHOM (haiijie, eciiv Ha KaxXIylo orepaluio MoucKa Cieayro-
1IEr0 HAaMMEHBIILIETo 2JIeMEeHTa B JIIOOOM BXOAHOM (haiiie 3aTpaunBaeTcsl MOCTOSIHHOE BpeMmsl,
a 9TO BEPHO, €CJIM OTCOPTUPOBAHHBIE (Paiiibl MpeACTaBIeHbl CTPYKTYPOUl NaHHBIX, MOJAEP-
JKMBAIOIIIEeH MOC/IeI0BaTeIbHbBIN JOCTYI 32 TIOCTOSIHHOE BpeMsi, Haroao0ue CBSI3HOTO CIrcKa
WM MaccuBa. Ta Mpoleaypa NpeacTaBiiseT coboil dgyxnymesoe causuue (two-way merging);
B rj1aBe 11 MbI MOAPOOHO U3YUYUM MHO2ONYMesoe CAusHUEe, B KOTOPOM MPUHUMAIOT yyacTue
6osiee nBYX (aitnoB. Hanbosee BaXXKHBIM MPUIOXEHWEM MHOTOITYTEBOTO CIAWUSHUS SIBJISIETCS
BHELIHSISI COPTUPOBKA, KOTOpasi MOAPOOHO pacCMaTpPUBAETCS TaM Xe.

[nsa Havyana mpearnoyoKuM, YTO UMEIOTCS ABa OTAEIbHBIX YIOPSI0YEeHHbBIX MacCuBa 1ie-
JIBIX ynced a[0], ..., a[N-1] ub[0], ..., b[M-1], KOTOpbIe HY>’KHO OOBEINHUTH B TPETUL
maccuB c[0], ..., c [N+M-1]. Jlerko peanusyemasl O4eBUIHASI CTPATETUS 3AKJIIOYAETCS B TOM,
4yTOOBI TIOCJIEIOBATEIbHO BHIOUPATh B ¢ HAMMEHBILUI 3JIEMEHT U3 OCTABUIMXCS B a U b, KaK
nokaszaHo B rporpamme 8.1. DTa npoctast peaqusanus obdaanaeT AByMsl BaXHBIMU XapaKTepu-
CTUKaMM, KOTOpbIE MbI ceiiyac paCCMOTPUM.

Bo-nepBbix, B TaHHO# peanu3auuy MpearnoaaraeTcs, YTo MacCUBbI He Tiepecekatorcs. B va-
CTHOCTH, €CJIM a U b — OOJIbLIIKEe MAaCCUBBI, TO JUISl pa3MEIEHUsT BBIXOIHBIX JaHHBIX HE00X0-
UM TPETHii, TOXe OOJBIIOK, MaccuB c. bpuTo OBl XOPOILIO HE 3a1eiCTBOBATH NOMOJHUTEb-
HYIO MaMsTh, MPOMOPLIMOHAIIBHYIO pa3Mepy BBIXOIHOTO (daiiia, a MpUMEHUTh TaKOW METO.,
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Mporpamma 8.1. CnusiHne

YT0ObI 00BEAMHUTD ABA YIOPSIAOUYEHHBIX MACCHUBA a U b B YIIOPSIIOYEHHBIN MAaCCUB C, UCITOJb-
3yeTcs UMKA for, KOTOPbI Ha KaXJI0i UTepaly MOMEIIAeT B MAaCCUB C OUEPEIHOM SJIEMEHT.
Ecnu maccuB a ucuepnaH, 3J1eMeHT OepeTcsl U3 b; eCIu UcuepIiaH b, TO 3JeMEHT OepeTcs U3 a;
€CJIM XK€ BJIEMEHTHI €CTh U B TOM, U B IPYTOM MAacCHUBE, TO B ¢ MIEPEHOCUTCS HAUMEHBIINN 13
OCTaBUIMXCS BJIEMEHTOB B a U b. [Ipearnoaraercs, 4To 00a BXOAHBIX MacCUBa yIOPSIIOYEHbI,
M YTO MAcCUB C He mepeceKkaeTcs (T.e. He TepeKphIBacT U He MCITONIb3yeT COBMECTHYIO TIaMSITh)
C MacCUBaMu a 1 b.

template <class Item>
void mergeAB(Item c[], Item al[], int N, Item b[], int M)
{ for (int 1 =0, j =0, k=0; k < N+M; k++)
{

if (1 == N) { c[k] =Db[j++]; continue; }
if (3 == M) { c[k] = a[i++]; continue; }
clk] = (ali]l < Dbl[3j]) ? ali++] : b[j++];
}
}
KOTOPBIil 00BbeIUHSET JBa YIOPSAMOUYeHHBIX (daiima a[l], ..., a[m] W a[m+1], ..., a[r] B
OIVH YIMOPSIAOYEHHBIN (haiijl, MpoCcTo mepemMelasi 3JeMEeHTh a[1], ..., a [r] 0e3 UCHoab30-

BaHUs CYIIECTBEHHOTO 00beMa JOTOTHUTEIHHON MaMSTH. 31eCh CTOUT OCTAHOBUTHLCS U T10-
IlyMaTh O TOM, KaK 3TO MOXHO ciejiaTb. Ha mepBbIit B3MIsiA KaXeTcs, YTO 3Ty 3a/1a4y PelnTh
MPOCTO, OJHAKO HAa CaMOM JieJie BCE M3BECTHBIE 10 CUX IOP PellleHUs] JOCTATOYHO CIOXHBI,
0COOEHHO TI0 cpaBHEHUIO ¢ TporpamMmoii 8.1. Oka3biBaeTCs, JOBOJBLHO TPYIHO pa3paboTaTh
aJITOPUTM OOMEHHOTO (T.€. Ha TOM € MECTe) CIIMSHMS, KOTOPbIi 00oI11es ObI TT0 TPOU3BO-
JIUTETBbHOCTU aJIbTEPHATUBHBIE 00MeHHble copmuposku. MBI ellle BepHEMCS K 9TOMY BOIIPOCY
B pasmeie 8.2.

CnusiHue, Kak orepalus, UMeeT CBOIO COOCTBEHHYIO 00jacTh nMpuMeHeHus1. Hampumep,
B TUMIMYHOH cpelle 00pabOTKM AAHHBIX MOXET OKa3aThCsl HY>KHBIM HCIOJb30BaTh OOJIbIION
(yropsimodeHHBI) aiia TaHHBIX, B KOTOPBII PETYJISIPHO HOOABISIIOTCS HOBBIE 3JIEMEHTHI.
OnuH U3 MOAXOI0B 3aKJI0YAETCS B HakemHoM 000asaeHuy HOBBIX 2JIEMEHTOB B TJIaBHbIN (Ha-
MHOTO0 0OJIbIINIA) (haiil U TToceayIoleii COpTUPOBKe Beero daitia. OQHaKo 3Ta CUTyalusT KaK
OyITo CrelMallbHO cOo3laHa Ul CUSHUS: Topa3no 3¢ddeKTUBHee OTCOPTUPOBATh (HEOOIb-
1II0¥) TTaKeT HOBBIX 3JIEMEHTOB U MOTOM CJIMTh TOJYYEeHHBIN HEOOJbINON (daiia ¢ OOJbIINM
m1aBHBIM (aitioM. CausiHue UCTIOAb3YeTCSI BO MHOTMX aHAJIOTUYHBIX MPUIOXEHMSIX, TaK UTO
M3yJaTh ero, HECOMHEHHO, CTOUT. [103TOMy OCHOBHOEe BHMMaHUe B JaHHOE TJIaBe OyaeT yue-
JIITHCSI METOJIAM COPTUPOBKHU, B OCHOBY KOTOPBIX IOJIOXKEHO CIIUSTHUE.

YnpaXxHeHusa

8.1. IIpeanosoxum, 4To ynopsiioueHHbI (haitl pazmepoM N HY>KHO OObEAUHUTH C HEYIIO-
psAoYeHHBIM (haiiioM pazmepoMm M, npuyeM M HamHoro MeHsble N. JlomycTum, 4yTo y Hac
MMEETCsl IPOrpaMMa COPTUPOBKHU, KOTOPasl YIopsiounBaeT ¢aiin pasmepom N 3a ¢, N IgN
CEKYH[I, M TIporpamMma CJIMSIHUSI, KOTOpasi MOXeT CIUTh (aitn pasmepoM N ¢ daitioM pas-
mepom M 3a c¢,(N + M) cexynn, npu ¢, = ¢,. Bo ckoibKo pa3 GbICTpee, 4eM COPTUPOBKA
3aHOBO, pabOTaeT MPeUIOKEHHBI METO, OCHOBaHHbBIM Ha CIMSIHUU, €CJIM €ro paccMaTpu-
BaTh Kak (yHKumo ot M, mpu N = 10°, 10° u 10° ?
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8.2. CpaBHuUTEe COPTUPOBKY Bcero (aiija METOAOM BCTABOK U JBa METOJa, MPEICTaBICH-
Hble B yripaxHeHuu 8.1. CuutaiiTe, 4TO MEHBIINI (haiia ynopsimoueH ciaydyaiiHbIM oOpa-
30M, TaK 4TO Kax/asl BCTaBKa MPOXOIUT MPUMEPHO TOJITYyTA B OoJiblIoM daiiie, a BpeMst
BBIMOJIHEHUSI COPTUPOBKY UMeEET NMopsinoK ¢, M N/2, Ipu 3TOM KOHCTaHTa ¢, IPUMEPHO
paBHa IpPYTUM KOHCTaHTaM.

8.3. OnuiuTe, 4YTO MPOU30MIET, €CIM MOMPOOOBATh BOCIIOIb30BaThC MporpaMmoit 8.1
IIJIsT OOMEHHOTO CAUSIHUS C TIOMOIIBIO BhI30Ba merge (a, a, N/2, a+N/2, N-N/2) mid
KIOUeEn A EQ SUYEINOST.

0 8.4. BepHo s, uto nporpamma 8.1, BbI3BaHHAS TakK, Kak OMUCAHO B yrpaxkHeHuu 8.3, naet
MPaBWIBHBIN pe3yJIbTaT TOTAA U TOJIBKO TOTHIA, KOrma 00a BXOIHBIX TTOAMACCHUBa OTCOPTHU-
poBaHbI? OOOCHYITE CBO OTBET WJIM NIPUBEINUTE KOHTPIIPUMED.

8.2. ABCTPAKTHOE OBMEHHOE CNUSIHUE

XoTda peai3anusi CIUSHUAS TpeOyeT JOTIOJIHUTEIbHOM TTaMsITH, BCE XK€ abcmpakyus OOMeH-
HOTO CJIMSHUS TOJie3Ha MPU peaar3alii U3ydaeMbIX 37eCh METOIOB COPTUPOBKU. B Hamei
cllenylolei peaJu3aluy CIUSHUS 3TO OyIeT MOTYEPKHYTO C IMOMOIIBIO CUTHATYPHl (hyHK-
uuv merge (a, 1, m, r),YTO O3HAYAET, YTO IMOANPOrpaMmMa merge IMOMEILIAET PE3yib-
Tar CIUsIHUA a[1], ..., a[m] M a[m+1], ..., a[r] B OObeAMHEHHBIN YIOPSIIOYEHHBI MacCCUB
alll, ..., alr]. DTy nporpamMmMmy CIMSIHUSI MOXKXHO ObUIO OBl peajn30oBaTh, CHavajla CKOIUPO-
BaB BCE BXOJHBIEC TaHHBIE BO BCIIOMOTaTe/IbHBI MAaCCUB M 3aTeM IIPUMEHUB 0a30BBIl METOM U3
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Puc. 8.1. Causanue 6e3
CUCHAABHBIX KAIO4ell

Zlns causnus d8yx ynops-
00ueHHbIX N0 803PACMAHUIO
aiinoé oHu Konupyromes 6
dpyeoil gaiin, npuuem emopoii
aiin konupyemcs cpasy 3a
nepevim 6 00pamHoOM nopsio-
xe. Toeda moacHo caedosamo
caedyrouemy npocmomy npa-
8uUNY: 8 BbIXOOHOU aiin 6bl-
Oupaemcs ne8bulil UAU NPAGbLI
NeMEeHm — Mom, y KOMopo2o
Koy menvute. Makcumans-
Hblll KAIOY 8bINOAHSEM POAb
CUSHANBHO20 0451 000UX haii-
108, 20e 6bl OH HU HaAXO0OUNCAL.
Ha oannom pucyuxe nokasa-
Ho causHue gainoe A R S T
uG I N.

nporpaMmsl 8.1, oIHAKO MOKa Mbl He OyleM nejaTh 3TOro, a
CHayajia BHeCeM B JaHHBIM MOIXOA OXHO YCOBEPIIEHCTBO-
BaHue. U XoTsl BBIIEJICHUS TOMOTHUTENBHOW namamu st
BCIIOMOTaTeJIbHOTO MacCHBa, MO-BUAMMOMY, Ha MpPaKTHUKE
He u3bexaTb, B pasaeie 8.4 Mbl paCCMOTPUM AajJbHEHIe
VAYYIIEHHS, KOTOPBIE TTO3BOJIAT M306eXKAaTh TOMOJHUTETbHBIX
3aTpaT gpeMeHy Ha KOTTMPOBAaHKME MacCHBa.

Bropas 3aciayxuBatoias BHUMaHMSI OCHOBHAsT XapakTe-
pucTHKa 6a30BOTO CIMSIHUS 3aKJIIOYAETCS B TOM, YTO BHYT-
PEHHMI LIUKJI COAEPXUT JBE TTPOBEPKHU JIJIsI OMpenesieHu s,
HWCYepIiaHbl U BXOAHBbIE MacCUBBI. [TIOHSITHO, YTO OOBIYHO
9TU MPOBEPKHM JAIOT OTPULIATEIBHBIN pe3yJIbTaT, U TakK U Ha-
MpaIIMBaeTCsI UCIIOb30BAaHUE CUTHAJBLHBIX KITIOUEl, O3B0~
JITIOIIMX OTKa3aThCsl OT HUX. TO €CTh eCIM B KOHEIl MacCcuBa
a M MaccuBa aux M00aBUTh 3JIEMEHTHI € KJIoYaMu, OOIbIIN-
MU 3HaAYeHUI BCeX APYruX KIIOYeid, 3TU MPOBEPKU MOKHO
yIaJUTh: ecid MaccuB a (b) OymeT McyepraH, CUTHAJIbHBIN
KJTIOY 3aCTaBJISIeT BRIOMPATH CIICAYIONIUE 3JIEMEHTHI M TTIOMe-
1IaTh MX B MACCHUB C TOJILKO U3 MaccuBa b (a), BILUIOTb A0
OKOHYaHMSI CIUSTHUSI.

OpHako, Kak ObLIO MOKa3aHO B IlaBaxX 6 U 7, CUTHAJIb-
HBIMU KJII0YaMM HE BcCerma ymoOHO ITOJIb30BaThCs: MO0
MOTOMY, YTO He BCETa JIETKO OMpeaeuTh Haubobllee 3Ha-
YeHHe KJTI04a, JIM0O TTOTOMY, YTO CUTHAIBHBIN KITIOY TPYITHO
BCTaBUTh B MacCuB. B ciiyuyae ciusiHUSI CyIIECTBYeT JOCTa-
TOYHO IIPOCTOE CPEICTBO, KOTOPOE IoKa3aHO Ha puc. 8.1.
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B ocHOBY 3TOr0 MeTona moJjioxkeHa CleAyrolas uaest: €CJiv Mpyu peain3alui oOMeHHOM abCT-
paKIMy Bce-TaKy He OTKa3bIBaThCsl OT KOMTMPOBAHUSI MAaCCUBOB, TO NMPY KOMMPOBAHUY BTOPO-
0 (haitia MOXXHO MPOCTO M3MEHUTH TIOPSIIOK €T0 3JIEMEHTOB (06e3 MOTIOJTHUTEIBHBIX 3aTpar) —
YTOOBI CBSA3AHHBIN C HUM WHIEKC MepeMellacs crpaBa HajeBo. [Ipy TakoM yIopsiioueHUN
HauOOJbIINI 2JIEMEHT, B KAKOM Obl OH (haiijie He HaxOAMJICS, CIYKUT CUTHATBHBIM KITIOUOM
st npyroro mMaccuBa. Ilporpamma 8.2 sgBisiercst a3deKTUBHOI peanmn3alneil abCTpaKTHOTO
0OMEHHOTO CIUSTHUSI, OCHOBAaHHOM Ha 3TOW Wiee, U CIYKUT OTIPAaBHOM TOYKOM IJIsT pa3pa-
OOTKHU aJITOPUTMOB COPTUPOBKHU, KOTOPbIE paccMaTpUBalOTCs Jajiee B 9TOM IiaBe. B Heli Bce
K€ MCITOb3YeTCsl BCTIOMOTaTeIbHBI MAacCUB C pa3MepOM, TTPOTOPIIMOHATBHBIM BBIXOITHOMY
daiiny, Ho oHa OoJiee 3(pPeKTUBHA, YeM IIPUMUTHUBHAS peain3alusl, MOCKOJIbKY B Hell He
HY>XHBI IPOBEPKU HAa OKOHYAHUE CAMBAaEMbIX MACCHUBOB.

IMocnenoBaTeIbHOCTD KIIIOUE, KOTOpash CHavyajda yBeJIMUMBAETCS, a 3aTeM YMEHbIIIAeTCs
(Mnu cHavaja yMeHbIIIaeTCsl, a 3aTeM YBEJIMYMBAETCS), Ha3bIBaeTCs OumoHnuyveckoi (bitonic)
nocyienoBarebHOCTbI0. COPTUPOBKA OMTOHMYECKON MOCIeN0BaTeIbHOCTA SKBUBaJIEHTHA
CIVSTHUIO, HO MHOTAA YIOOHO TIPEeICTaBUTh 3a7ady CIUSHUS B BUAE 3aa4l OMTOHUYECKOM
COPTUPOBKM; PACCMOTPEHHBII METO/, TMO3BOJISIONINI U30eXaTh BCTABKU CUTHAJBHBIX KJIIO-
yeil, KaK pa3 U CIAYXKUT MPOCTHIM MPUMEPOM 3TOTO.

OmHO M3 BaXXHBIX CBOMCTB MporpaMMbl 8.1 3aKiodaeTcsi B TOM, YTO peaaudyeMoe €io
CITUSTHUE YCTOMYMBO: OHO COXpaHSET OTHOCUTEIbHBINM MOPSIAOK 3JIEMEHTOB ¢ OJMHAKOBHI-
MM KJTI04aMU. DTy XapaKTepUCTUKY HETPYIHO MPOBEPUTD, U MIPHU peaausaiuy abcTpaKTHOTO
0OMEHHOTO CJIIMSIHUST YacTO MMEET CMBICH YOIUThCSI B COXpaHEHUN YCTOMIMBOCTH, T.K., Kak
OyzmeT moKa3aHo B paszelie 8.3, ycTOHYMBOe CIMSIHUE TTPUBOIUT K YCTOMYMBBIM METOAAM COp-
mupogkuy. CBOINCTBO YCTOMYMBOCTU HE BCErIa MPOCTO COXPAaHMTh: HANpUMep, mporpaMma 8.2
He o0ecreurBaeT YCTOMUMBOCTU (CM. yIpaxXHeHue 8.6). DTo 00CTOSITENLCTBO ellie OOoJblile YC-
JIOXXHSIET TIpo0JIeMy pa3pabOTKM aJrOpUTMa MO-HACTOSIIEMY OOMEHHOTO CIIVSTHMSI.

Mporpamma 8.2. AGcTpakTHOE 0OMEHHOE CnusHue

JaHHasi TporpaMMa BBITIOJTHSET CIMSIHIE ABYX (aiijloB 6e3 MCIOIb30BaHUS CUTHATBHBIX KITIO-
Yyeii, JJIS 94ero BTOPOM MacCUB KOMUPYETCS BO BCIIOMOTAaTEIbHBIA MAacCUB aux B OOpaTHOM
TOpSIZIKE, Cpa3y 3a KOHIIOM TepBOTO MaccuBa (T.e. YCTAHABIUBAS B aux OUMOHUHeCKUll TIOPSI-
1mok). [lepBeIii MK for MepechlIaeT IEPBhIii MACCHB U OCTABIISICT 1 PaBHBIM 1, T.e. TOTOBBIM
UL Havyasia CIustHusl. BTopoii uKkiI for mepechuiaeT BTOPOil MACCUB, IIOCJIE YEro j PaBHO r.
3areM B Tpolecce CIUSHUS (TpeTuil UMK for) HaUOOMBIINIA 3JEMEHT CIYKUT CUTHAJIbHBIM
KJIIOYOM HE3aBHCHMO OT TOTO, B KAKOM MacCUBE OH HAaXOMUTCS. BHYTpeHHMIA IIMKJI 3TOI Tpo-
TrpaMMBbI TOCTAaTOYHO KOPOTKUI (TIepechlika B aux, CpaBHEHUE, Tiepechllika 0OpaTHO B a, yBe-
JINYCHUE 3HAYCHUS 1 WUIM J Ha eAWHMUILY, yBEJIMUCHUE U ITPOBepKa 3HAYCHUS k).

template <class Item>

void merge (Item a[], int 1, int m, int r)
{ int il j;
static Item aux[maxN];
for (1 =m+l; i > 1; i--) aux[i-1] = a[i-1];
for (j =m; J < r; j++) aux[r+tm-j] = a[j+1];

for (int k =1; k <= r; k++)
if (aux[]j] < aux[i])
alk] = aux[j--1;
else
alk] = aux[i++];
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YnpaXxHeHusa

> 8.5. IMokaxuTte B cTWiie AMarpamMmel 8.1, Kak mporpaMma 8.1 BBIMOJHSIET CAUSIHUAE KTouei
AEQSUYEINOST.

0 8.6. O0bsicHUTe, TOUeMy TTporpamma 8.2 He SIBJISIeTCs YCTOMYMBOM, U pa3paboTaiiTe ycTou-
YUBYIO BEPCUIO 3TOM MTPOrpaMMBI.

8.7. Uto nonyuurcs, eciiv nporpamMmy 8.2 IPUMEHUTh K KINloUaM E A SYQ U E S T I O N?

0 8.8. BepHo i1, yTo mporpamma 8.2 NMpaBUIbHO CIMBAET BXOAHbBIE MACCUBBI TOT/IA U TOJBKO
TOraa, Korna oHu OTCOpTUpoBaHbI? OOOCHYIiTE Balll OTBET WX MTPUBEIUTE KOHTPIIPUMED.

8.3. HucxoaawAaa COPTUPOBKA CIUAHUEM

HMmest B cBOeM pacIoOpsiKeHUUW MPOLEnypy CIUSHUS, HETPYAHO TOJOXHUTh €€ B OCHO-
BY PEKYPCHBHOI IIpolieaypbl COPTUPOBKU. UTOOBI OTCOPTUPOBATH 3adaHHBIN (ait, HYX-
HO pa3/esIuTh €T0 Ha JBE YacTH, PEKYPCUBHO OTCOPTUPOBATh 00€ MOJIOBUHBI U 3aTEM CJIUTh
ux. Peanuszaiius 3Toro airoputMma npejcTtaBieHa B mporpamme 8.3; a mpumep MokaszaH Ha
puc. 8.2. Kak OblJI0 cKa3aHO B IVIaBe 5, 3TOT aJITOPUTM SIBJISIETCSI OMHUM 13 CaMbIX U3BECTHBIX
MPUMEPOB UCIIOIb30BaHUs TIPUHIIMITA “pas3aensiii U BIacTBY” i pa3paboTKu 3¢ (HEeKTUBHBIX
aJITOPUTMOB.

Hucxonsiasa copTupoBKa CIUSIHUEM aHAJOTUYHA MPUHIIUITY YIIPaBIEHUS CBEPXY BHU3,
MpU KOTOPOM PYKOBOAMTENIb pa3OMBaeT OOJBIIYIO 3aauy Ha Moa3agadyu, KOTOPbIE JOJIKHbBI
HE3aBUCUMO pellaTh ero MogurMHeHHble. Ecu Kaxablii pyKOBOAUTEb OYAET MPOCTO pa3ou-
BaTh CBOIO 3aj7auyy Ha JIBe paBHBbIE YaCTH, a MIOTOM OOBEAUHSTH PEIIEHUS, TTOJyYeHHBIE ero
MOTYMHEHHBIMU, U TIepeaBaTh Pe3yJibTaT CBOEMY HAYaJIbCTBY, TO MOJYYUTCS TMPOLIECC, aHa-
JIOTMYHBIN COPTUPOBKE ciausiHueM. PaboTa npakTUyecKy He TTPOABUTaeTCs, MOKa HE TOJIy4YUT
CBOIO 3a/1auy KTO-TO, HE UMEIOIINI MOAYMHEHHBIX (B paCCMaTPMBAEMOM CJIydae 3TO CIMSIHHE
IBYX (haiiyioB pasmMepoM 1); HO MMOTOM PYKOBOACTBO BBITIOJHSET 3HAYNUTEIBHYIO paboTy, 00be-
JIIAHSISE pe3yJIbTaThl pabOThl TOMYMHEHHBIX.

CopTUpOBKa CAUSIHUEM UTPAeT BaXXHYIO POJb Ojarogapst MpoCTOTe U ONTUMaJIbHOCTH
3aJI0)KEHHOTO B Hee MeTola (BpeMsl ee BBITTOJTHEHUs TporopluuoHaibHo N log N), KoTopbiit

Mporpamma 8.3. Hucxopsuwaa copTMpoBKa CAMSHMEM

OTa 6a30Basl peajqu3alusl COPTUPOBKHU CIUSHUEM SIBJISIETCS TMTPUMEPOM PEKYpPCHMBHOM Mporpam-
Mbl, OCHOBAaHHOI Ha MpUHLMIIE “pasnessiii u BaacTByii”. Jlist yropsmoyeHus mMaccuBa a[1],
..., a[r] oH pa3OuBaercs Ha ABe yactTu a[l], ..., a[m] ua[m+1l], ..., a[r], KOTOpbIE COPTU-
PYIOTCS HE3aBUCUMO APYT OT IpyTa (4epe3 PeKypCUBHbBIC BBI30BbI) M1 BHOBb CIIMBAIOTCS IS TTO-
JIy4eHUS] OTCOPTUPOBAHHOTO MCXOMHOTO (haityia. MYyHKIIMN merge MOXET IOTPeOOBATLCS BCTIO-
MoOTraTeJIbHbIN (Daiil, JOCTaTOUHO OOJIBIION ISl TTOMEIIeHUSI KOITUM BXOIHOTO (haiiia, 0mHaKO

9Ty abCTpaKTHYIO OIepalrio yI100HO paccMaTpuBaTh KaKk OOMEHHOE CIUsSHUE (CM. TEKCT).

template <class Item>

void mergesort (Item a[], int 1, int r)
{ if (r <= 1) return;
int m = (r+l)/2;

mergesort(a, 1, m);
mergesort (a, mtl, r);
merge(a, 1, m, r);
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TOTTYCKAeT BO3MOXHOCTb YCTOMUMBOW peaiu3aluuu. DTh
YTBEPXKACHUSI CPaBHUTEIbHO HETPYIHO A0Ka3aTh.

Kaxk 6pu10 mokazano B r1aBe 5 (M WISt OBICTPOIT cop-
TUPOBKHU B I1aBe 7), JJISI BU3yaU3alluu CTPYKTYPHI pe-
KYPCHUBHBIX BBI30BOB PEKYPCUBHOTO aJrOPUTMa MOXHO
BOCITOJTH30BaThCs APEBOBUIHBIMU CTPYKTYpaMu, KOTOPHIC
TO3BOJISTIOT JIyYIlle TIOHSATh BCE BapUaHThl pacCMaTprBac-
MOTO aJiITOPUTMA U MPOBECTU ero aHaiu3. Jisi COpTUPOB-
KU CIIMSTHUEM CTPYKTypa PEeKYPCUBHBIX BHI30BOB 3aBUCHUT
TOJIbKO OT pa3Mepa BXOAHOro maccusa. st ao6oro 3a-
JaHHoro N omnpenessieTcsl AepeBo, MoaydyuBliiee Ha3BaHUe
depesa “paszdensii u eracmeyii”, KOTOpOE OMUCHIBAET pas-
Mep noadaiiioB, 06padaTbiBAEMbIX BO BpeMsl BBITIOJIHE-
HUs nporpaMmel 8.3 (cM. ympaxHeHue 5.73): eciu N paB-
HO 1, TO 3TO IEpPeBO COCTOUT M3 OJHOTO y3Jia ¢ METKOM 1;
MHaye JePEeBO COCTOUT U3 KOPHEBOTO y3Jia, COJAEepKaIIero
aiin pasmepoM N, noaaepena, MPeacTaBIsIONIEro JeBbIid
nonadaita pasMepoM LN / 20n MoaaepeBa, IMpeacTaBIIsio-
IIero mpasbiil moxdait pasmepom | N / 2|. Takum oGpa-
30M, KaXIblii y3eJ 3TOTro JepeBa COOTBETCTBYET BbIZOBY
METO/la mergesort, a ero MeTKa MoKa3blBaeT pa3Mep
3a/1auM, COOTBETCTBYIOIIEH 3TOMY PEKYPCUBHOMY BBI3OBY.
Ecnu N paBHO cteneHu 2, 3TO IOCTPOCHUE IaeT MOJHO-
CThIO cOAJIaHCHUPOBAHHOE JIEPEBO CO CTETICHSIMU 2 BO BCEX
y3Jlax U eAWHUIIaMU BO BceX BHelIHUX ysnax. Eciu N
He SIBJISIETCSI CTeNeHblo 2, BUI AepeBa yciaoxHsercsa. Ha
puc. 8.3 mpencTaBlIeHBl IPUMEPEI 000uX ciiydacB. Panee
MbI YK€ CTAJIKUBAJIMCh C TAKUMU JIEPEBBSIMU — TIPU U3Y-
YeHUM B pazjene 5.2 aIropuTMa ¢ TaKoi XK€ CTPYKTypoi
PEKYPCHUBHBIX BBI30BOB, KaK 1 Y COPTUPOBKU CIMSTHUEM.

ASORTINGEXAMPLE
A S
O R
A ORS
T
G N
G I NT
AGINORST
E X
A M
A EMX
L P
ELP
A EELMPX
AAEEGILMNOPRSTX

Puc. 8.2. Ilpumep nucxoos-
well copmupoBKuU CaAusHUeM
B kaxcooii cmpoke noxazan
pe3yasmam vl306a QYHKUUU
merge NpuU 8bINOAHEHUU HUCXO-
dsaujeil COpmuposKU CAUSHUEM.
Bnauane cauearomess A u S, u
noayuaemcs A S; NOMOM cAUBA-
tomes O u R, u noayvaemcs O R.
3amem causaromcsi O Ru A S,
u noayuaemcesi A O R S. Ilocae
amoeo causaromcs I T u G N,

u noayuaemes G I N T, nomom
amom pe3ysomam caueaem-
csichORS, unorywaemes
AGINORST, um.o. Memoo
PeKypCcusHo 00seduHsem MeHb-
wiue ynopsaodouenuvie (haiinwt 6
66abluue.

CTpyKTypHBIE CBOIICTBA IepEBbEB “paslesisiii U BIIAaCTBY” MMEIOT HEMOCPEACTBEHHOE OT-
HOIIIEHHEe K aHaJIM3y COPTUPOBKU ciusiHueM. Hampumep, obliiee KOJIMYECTBO CpaBHEHU, BbI-
TOJTHSIEMBIX aJITOPUTMOM, B TOYHOCTH PaBHO CYMMe BCEX METOK Y3JIOB.

Jlemma 8.1. [lns copmuposku aoboeo ghaiina uz N anemenmos copmupoexa CAUsSHUEM Gbl-
noansem nopadka NIgN cpasHenuil.

B peanusanusx, onvMcaHHbIX B pasaenax 8.1 u 8.2, miIs Kaxaoro CIUSIHUSL ABYX MO -
MaccuBOB pazMepoM N/2 HyxXHO N cpaBHEHUI (3TO 3HAYEHUE MOXET OTJIMYaThCs Ha
1 wim 2, B 3aBUCMMOCTM OT crioco0a MCMOJIb30BaHUSI CUTHAJIBHBIX Kiltoueit). Cieno-
BaTeJIbHO, 00Ilee KOJMYECTBO CPaBHEHMI NJisl BCEii COPTUPOBKM MOXET OBITh OIHU-
CaHO CTaHAApPTHBIM PEKYPPEHTHBIM COOTHOLIEHUEM BMAA “pasnensiii U BIacTBYMl”:
M, = MLN/z )t Mﬁv/ﬂ + N, mpu M, = 0. DT0 pEeKypPEHTHOE COOTHOILEHNE OMUCHIBAET
TaKXe CyMMY METOK Y3JIOB M JIJIMHY BHEIITHETO TyTH JiepeBa “pas3neisiii U BIacTByi” ¢
N y3namu (cM. ynpaxsHeHwue 5.73). JlaHHOe yTBepxXIeHUE HETPYIHO IMPOBEPUTH, KOTIA
N saBnsercs creneHbio yucaa 2 (cMm. ¢dopmyny 2.4), 1 m1oKa3aTh METOIOM MHIYKINU
IUTsl Ipou3BosibHOTO N. HemocpeacTBeHHOE TOKa3aTeIbCTBO COMEPKUTCS B YIIpaXKHe-
Husx 8.12—8.14. m
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Puc. 8.3. /lepesvsa “pazdeasii u eaacmeyi”

Ha smux duaepammax nokazamuvl pazmepsvt 1003a0a4, co30a8aeMviX HUCX00saulell COpmuposKoli
causiHuem. B omauuue om, ckaxcem, depegves, COOMEEMCMEYOUUX ObICMPOIL COPMUPOBKe, MU
CMPYKMYpPbL 3A8UCIM MOALKO OM pasmepa NepeoHaanbHo2o aina u He 3a8Ucsim om 3HaYeHUll
karoueil. Ha eepxueil duaepamme nokazamna copmuposka ¢haiina uz 32 anemenmos. CHauanra ei-
noansiemcs (pexypcusnoe) ynopsoouenue 08yx ¢aiinos uz 16 anemenmos, a 3amem ux causiHue.
Daiinvt uz 16 snemenmos copmupyomes (peKypcusto) ¢ NOMousbro (PEKYpCUHOIL) COPMUPOBKU
@aiinoe uz § anemenmos u m.o. s gaiinos, pazmep KOmMopvix He paseH CeneHu 08yx, Noay4a-
emcs 6oaee CA0ICHASE CMPYKMYpa, npumep Komopoil npusedeH Ha HUdiCHell duazspamme.

Jlemma 8.2. Copmuposke causiHuem Hyscen o6sem 00NOAHUMENbHOI NAMAMU, NPONOPUUO-
HanvHbtid N.

D10 (akT oueBUIEH U3 0OCYXIeHUsT B pazfeie §.2. MOXHO Koe-4To cAeaaThb AJis
YMEHBIIIEHUSI pa3Mepa JMOIMOJHUTEIbHON MaMITH — 3a CUET CYIIECTBEHHOTO YCIOX-
HeHMsT anroputMa (cM., Hanpumep, ynpaxHeHnue 8.21). Kak Oyaer rmokazaHo B pasje-
Jie 8.7, copTupoBKa civsiHueM 3(pdeKTUBHA U B TOM CJIyvae, eClii COPTUPYeMbIi haii
OpraHMW30BaH B BUJE CBSIZHOTO CIMCKA. B 3TOM cirydae maHHOE CBOWMCTBO BBITTOJTHSET-
cs, HO HYXHa JOTOJHUTEIbHAS TTaMsITh UISl CCHUTOK. B cllydyae MaccHMBOB, KaK ObLIO
cKa3aHo B pazneiie 8.2 1 OymeT cka3aHO B pasaeie 8.4, MOXHO BBIIIOJIHSTH CIMSHUE Ha
MecTe (0O0CyXKIeHne 3TOl TeMbl OyIeT IMPOomo/KeHO B pasaene 8.4), omHAKO 3Ta cTpaTe-
TS BPsII JIM IPMMEHMMa Ha MpakTUKe. W

Jlemma 8.3. Copmuposka causuuem ycmoiivuga, ecau yCmouuue Ucnoab3yemvlii npu 3mom
Memoo CAUAHUA.

DTO0 yIBEepXAEHHE JIETKO MPOBEPUTh METOAOM MHIAYKLMU. [ peanusaluyd MeToaa
CIMSHMS, HAOA00Me MPEIIOXEHHOIO B IIporpaMme 8.1, JIerKo MoKa3aTh, YTO OTHO-
CUTEJIPHOE PACITOJIOXKECHUE TOBTOPSIOMIMXCS KiIoueld He Hapymraercst. OQHaKo, 4eM
CJIOXKHEE aJITOPUTM, TEM BHIILIE BEPOSITHOCTH TOTO, YTO 3Ta YCTOMYMBOCTH OYAET HApy-
IeHa (CM. yrnpaxHeHue 8.6). B

Jlemma 8.4. Tpebosanus k pecypcam copmuposKu cAusHUeM He 3a8UCSIM OM UCXOOHOU YHo-
PAOOHUEHHOCMU 8XO00HbIX OAHHDBIX.

B Hammx peanu3anusx OT BXOOHBIX JaHHBIX 3aBUCHUT TOJBKO IMOPSIAOK, B KOTOPOM
3JIEeMEHTHI 00pabaTHIBAIOTCS BO BpeMs CIMSHMI. KaXnelii mpoxom TpebyeT MaMsITH 1
YKCJla IaroB, IPOIOPLUMOHAIBHBIX pa3Mepy noadaiiia, u3-3a MepechbUIKM TaHHBIX BO
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BCITOMOTraTe/IbHbIN MaccuB. JIBe BeTBU orepaTopa if M3-3a 0COOEHHOCTEH KOMMUJISI-
IIUM MOTYT BBITIOJTHSITBCS 3a CJIeTKa pa3JInuHOE BPeMsl, UYTO MOXKET MPUBECTU K HEKO-
TOPOI 3aBUCMMOCTHU BPEeMEHU BBHITIOJIHEHUS OT XapaKTepa BXOAHBIX TaHHBIX, OMHAKO
YUCJIO CPaBHEHMI M APYTUX OIEepallvii Hag BXOAHBIMU TaHHBIMM HE 3aBUCHUT OT TOTO,
Kak yropsimoueH BXogHo# (aitn. O6patute BHUMaHKWE Ha TO, YTO 3TO OTHIOND He 9K6U-
6a1eHMHO YTBEPXKICHUIO, YTO aJITOPUTM He amanTUBHBIN (cM. pasmen 6.1) — Benb 1o-
CJIeI0BATEIbHOCTh CPABHEHUH 3aBUCUT OT YIOPSIOUYEHHOCTH BXOAHBIX TaHHBIX. W

YnpaxHeHusa

> 8.9. [IpuBenuTe MoCaeO0BATEIBHOCTD CIMSTHUM, BEITIOJHSIEMEIX IIpOTpaMMoOi 8.3 mpu cop-
TUPOBKE KIIIOUEM E A SYQUE S T I ON.

8.10. Haueprute nepeBbst “pasmessiii u BaactByil” mist N = 16, 24, 31, 32, 33 u 39.

@ 8.11. PeanusyiiTe peKypCUBHYIO COPTUPOBKY CIUSTHUEM JIsI MAaCCUBOB, UCIOJb3Ys MICIO
mpexnymeegoeo, a He IBYXITYTEBOTO CIUSTHUS.

99

0 8.12. [TokaxwuTe, 4TO BCE y3JIbl C METKaMU 1 B IepeBbIX “pasiesii U BIACTBYil” pacrosio-
JKE€HBI Ha IByX HYDKHUX YPOBHSIX.

0 8.13. [JokaxuTe, 4YTO METKM B y3JIaX Ha KaXIIOM YpOBHE COaJIaHCMPOBAHHOTIO JiepeBa pa3-
mepoM N B cymMMe naloT N, 3a UCKITIOYEHUEM, BOBMOXHO, HUXKHETO YPOBHSI.

0 8.14. Wcnonb3ys ynpaxsHenus 8.12 u 8.13, gokaxure, 4TO KOJIUIECTBO CPAaBHEHWI, HEOO-
XOIUMBIX JUTS BBITIOJTHEHUSI COPTUPOBKY CIUSTHUEM, HaXOMUTCS B Tipeaeax Mexny NIgN u
NIgN + N.

o 8.15. HaiinuTe u nokaxure 3aBUCUMOCTb MEX1y KOJUYECTBOM CPaBHEHUI, NCIOJb3YeMbIX
COPTHUPOBKOM CIUSITHMEM, M KOJIMYECTBOM OUTOB B |—|gN—|—pa3pH,Z[HLIX TOJIOKUATETBHBIX YHC-
JIaX, MEHBITNX N.

8.4. YCOBEPLIEHCTBOBAHUS BA30BOIr0 ANrOPUTMA

Kak MBI yXe BUIenIu Ha IpuMepe OBICTPOIl COPTUPOBKU, OOJBIIYIO YacTh PEKYPCUBHBIX
aJITOPUTMOB MOXHO YCOBEpILIEHCTBOBaTh, 00pabaTbiBasi ¢haitibl HEOOJIBIIIUX Pa3MEepPOB CIie-
LIMAJIbHBIM 00pa3oM. B cuny pekypcuBHOTo XxapakTtepa (hyHKIIMHU 4acTO BbI3bIBAIOTCS UMEHHO
1711 HeOOoNbIINX (haiiyIoB, IIO3TOMY YIYYIIeHHE UX 00paOOTKM MPUBOIUT K YIYYIIEHUIO BCETO
anroputMma. CienoBarebHO, KaK U 11 ObICTPOIl COPTUPOBKHU, TIEPEKIIIOUEHUE Ha COPTUPOBKY
BcTaBKaMu ModaitioB HeOOJIbIINX Pa3MEPOB AACT YIydllleHe BPEMEHU BbITOJIHEHUST TUITHY -
HOI1 peanu3aluyi COPTUPOBKU ciusiHueM Ha 10—15%.

Crenyiouiee MoJjie3HOE YCOBEPILIEHCTBOBAHUE — 3TO YCTPaHEHKWE BPEMEHU KOMUPOBaHUS
JAHHBIX BO BCTIOMOTATEIbHbIA MAacCUB, UCTOJb3yeMbIil causiHueM. st 3TOTo cienyeT Tak
OpPraHM30BaTh PEKYPCUBHbBIC BBHI30BBI, YTO Ha KaXXJIOM YPOBHE MPOLIECC BHIYUCICHUS MEHSI-
€T POoJISIMU BXOJHOM M BCIIOMOTATeIbHbIM MaccuBbl. OIUH U3 CITOCOOOB pealu3aluyi TaKoro
MOAXOMa 3aKJI0YaeTcsl B CO3MaHUM IBYX BApMAHTOB MPOTPaMM: OIHOTO JUISl BXOAHBIX TaHHBIX
B MacCUBE aux M BBIXOAHBIX JTaHHBIX B MAaCCUBE a, a APYroro — JJIsl BXOTHBIX TaHHBIX B Mac-
CUBE a M BBIXOJHBIX JTaHHBIX B MaCCUBE aux, 00€ 3T BEPCUM MOOYEPETHO BBI3bIBAIOT OJHA
npyryio. Ipyroii moaxon MpoIeMOHCTPUPOBAaH B Mporpamme 8.4, KOTopasi BHavyaje co3naeT
KOTIMIO BXOJHOIO MacCHBa, a 3aTeM MCIIONb3yeT ImporpaMmMy 8.1 M mepekiovyaeT apryMeHThl B
PEKYPCUBHBIX BbI30BaX, YCTPaHsIsl TAKUM 00pa3oM orepalvio SBHOTO KOMTMPOBAaHUSI MacCUBa.
BMecto Hee mporpamMma moo4yepeaHo MepekodaeTcs MeXIy BbIBOIOM pe3yjbraTa CIUSTHUS
TO BO BCIIOMOTAaTeJIbHBIM, TO BO BXOOTHOM (aiii. (BTO JOCTaTOYHO XUTPOYMHAs IIpOrpaMMma. )
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Mporpamma 8.4. CopTupoBKa cnusHuem 6e3 KonupoBaHus

JlaHHas peKypCcUBHas IIporpaMma COPTUPYET MacCHB b, MmoMelnas pe3yjasTaT COPTUPOBKH B
MaccuB a. [103ToMy peKypCHBHBIE BbI30BbI HAIlMCAaHbI TaK, YTO MX PE3YJbTaThl OCTAIOTCS B
MaccuBe b, a JUIST MX CJIMSHUS B MACCUB a MCIOJb3yeTcs mporpamMa 8.1. TakuM obpa3oMm, Bce
TePEeChUIKY TaHHBIX BHITIOTHSIIOTCST BO BPEeMsT CIVSTHUM.

template <class Item>

void mergesortABr (Item a[], Item b[], int 1, int r)
{ if (r-1 <= 10) { insertion(a, 1, r); return; }
int m = (l+r)/2;

mergesortABr (b, a, 1, m);

mergesortABr (b, a, m+l, r);

mergeAB (atl, b+l, m-1+1, b+m+l, r-m);
}

template <class Item>

void mergesortAB(Item a[], int 1, int r)
{ static Item aux[maxN];
for (int 1 =1; 1 <= r; i++) aux[i] = ali];

mergesortABr (a, aux, 1, r);

}

JaHHbIli MeTOI TO3BOJIsIeT M30eXaTh KOMMPOBAaHUS MacCHBa LIEHOW BO3BpaIlleHUSI BO
BHYTPEHHMI LIMKJ MPOBEPOK UcUepraHus BXoAHbIX daitioB. (BcmoMHUTe, YTO ycTpaHeHUE
3TUX IIPOBEPOK B IMporpaMme 8.2 mpeoOpa3oBaio 3TOT daiiyl BO BpeMsl KOIIMPOBaHUS B OUTO-
Huueckuit.) [ToroxeHre MOXHO BOCCTAaHOBUTH C TTOMOIIbIO PEKYPCUBHOM peaju3alvu TOH
K€ WIEU: HYXXKHO Pealn30BaTh ABE MPOrpaMMbl KaK CIUSIHUSL, TAK U COPTUPOBKHU CIVSTHUEM:
OIIHY TSI BBIBOJIAa MaccUBa IO BO3pAacTaHUIO, a IPYTYIO0 — JUISl BBIBOJAa MaccuBa IO YObIBAaHUIO.
DTO TO3BOJIIET CHOBA MCMOJIb30BaTh OMTOHUUYECKYIO CTPATeTHI0 U YCTPAHUTh HEOOXOAUMOCTh
B CUTHAJIbHBIX KJIIOYaX BO BHYTPEHHEM IIUKJIE.

TTockonbKy TIpY 3TOM MCIIOJIB3YIOTCS YeThIpe KOMMKM 0a30BbIX MPOrpaMM U 3aKpyuyeHHBIE
PEKYPCUBHBIE MEPEKITIOYSHUST apTYMEHTOB, TaKasi CyMepornTUMU3alns MOXET ObITh pEKOMEH-
JIOBaHa TOJIbKO 3KCMepTaM (Hy WM CTYIE€HTaM), HO BCE-TaKW OHa CYLIECTBEHHO YCKOPSIET
COPTUPOBKY CIMSIHMEM. DKCTIEPUMEHTAJIbHBIE PE3yJIbTaThl, KOTOPbIE OYIYT PacCCMOTPEHBI B
paznerne 8.6, MMOKa3bIBAIOT, YTO COYETAHUE BCEX MPETOXEHHBIX BBIIIE YCOBEPIIEHCTBOBAHWIA
YCKOPSIET COPTUPOBKY CIUSIHMEM MpolieHTOB Ha 40, olHaKO Bce Xe OHa MPOLEHTOB Ha 25
MeUIeHHee OBICTPOM COPTUPOBKM. DTU MOKA3aTeIM 3aBUCAT OT peaiu3alluv U OT MalluHBbI,
HO B pa3HbIX CUTYallHsSIX PE3YJIbTaThl TTIOXOXH.

[pyrue peanusaluu CAWSIHUS, UCIHOJb3YIOLIME SIBHbIE MPOBEPKU MCUEPHaHUS TEPBOTO
(aiina, MOTYT IPUBECTU K OoJiee (HO HE OYEHb) 3aMETHBIM KOJIeOaHUSIM BPEeMEHHU BBIIIOTHE-
HUS B 3aBUCMMOCTH OT XapaKTepa BXOMHBIX NaHHBIX. 7151 ciydaitHo ynmopsiioueHHbIX (aiioB
nocje ucuepnaHus noadainaa pasmep apyroro nonadaiiaa 6yaer HeOOMbIIMM, a 3aTpaThl HA
TepechUIKY BO BCTIOMOTaTeNbHBIN (Daiiyl Bce Tak XK€ MPOMOPIUOHAIBHBI pa3Mepy 3TOTO MO -
aiina. MoXHO ellle MOTbITaThCS YIYYIIUTh MPOU3BOIUTEIBHOCTD COPTUPOBKY CIUSTHUEM B
TeX ciyyasx, koraa (aiia B 3HAUUTEIbHOU CTENEHU YIOPSIIOYEH, U MTPOMYCKaTh BBI3OB merge
TIPY TTOJTHOM YNOpsA0YeHHOCTH (aityia, OMHAKO IJIs1 MHOTMX TUIIOB (halijIoB TaHHAsI CTpaTEeTUs
HeapdekTrBHA.
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YnpaXxHeHusa

8.16. PeanusyiiTe abcTpakTHOE OOMEHHOE CJIMSIHUE, MCIIOJb3YIOlee TOMOJTHUTEIbHbBIMI
00BEeM MaMsITH, TIPOITOPIIMOHANBHBIM pa3Mepy MEHBIIET0 M3 CIMBaeMbIX (GaiiioB. (DTOT
METOJI, JOJIKEH COKPATUTh HAMOJOBUHY MOTPEOGHOCTh COPTUPOBKHU B TTAMSITH. )

8.17. BoImmoTHUTE COPTUPOBKY CIMSIHUEM OOJIBIIIUX CIIyYaiiHO YIOPSIIOUYeHHBIX DaiioB u
3KCMEPUMEHTAIIBHO OTNIPE/IeIUTEe CPEIHION JUIMHY ApYroro noadaiija Ha MOMEHT Ucuepria-
HUS TiepBoro noadaiiia Kak GyHKIUo oT N (cyMMa IUIMH IBYX CIMBAeMEIX ITOA(MAaiIoB).

8.18. IIpennonoxum, nporpamma 8.3 momuduIMpoBaHa TaK, YTO HE BHI3bIBAET METO],
merge Opu a[m] <a[m+1]. CKOJIbKO CpaBHEHMI 3KOHOMUTCSI B 3TOM CJIy4yae, eCc/id Cop-
TUpYeMBbIii (aiisl yxe yrnopsimoueH?

8.19. BrimonHuTe MOIUGUIMPOBAHHBIN aJITOPUTM, TIPEUIOXEHHBIN B ynpaxXHeHun §.18,
JUIS1 GOJIBLIUX CIYYaiitHO YMOPSIIOYEHHBIX (DailioB. DKCNEPUMEHTAIBHO OMpPENeanuTe Cpea-
Hee KOJIMYECTBO MPOIYCKOB BbI30Ba merge B 3aBUCUMOCTU OT N (pa3Mep UCXOIHOTO COp-
THpyemMoro daiina).

8.20. JomycTUM, UTO COPTUPOBKA CIMSIHUEM HOJKHA OBITH BBIIIOJIHEHA Ha /-COPTUPO-
BaHHOM (paiisie ay1st HeOoJbIlIoro 3HaueHus 4. Kakue M3MeHeHUS] HYXXKHO BHECTU B TOJ-
MporpamMmy merge, YTOObl BOCIIOJb30BaThCsI 3TUM CBOMCTBOM BXOJHBIX AaHHBbIX? [Toakc-
MEepUMEHTUPYITE ¢ TMOpUIAMU COPTUPOBKU MeTonoM Lllenna U COPTUPOBKU CIUSTHUEM,
OCHOBaHHBIMU Ha 3TOM MOAMPOrpaMMe.

8.21. Pa3paborTaiiTe peasn3aluio CIUSHUS, YMEHbBIIAIOIIYI0 TpeOOBaHUE JTOTOJTHUTEIbHOM
namstyu 10 max(M, N/M) 3a cuer cienyronieit unen. Pazoeiite maccuB Ha N/M 610KOB
pasMmepom M (mIst IpOCTOTHL IIpeAItoaoxumM, 9To N kpatHo M). 3ateM, (1) paccmaTpuBast
9TH OJIOKM KaK 3aliCH, TIepBble KIIOUYM KOTOPHIX SIBJISIOTCS KIIOYaMU COPTHUPOBKHU, OT-
COPTUPYITE UX C IOMOIIBIO COPTUPOBKU BEIOOPOM, 1 (2) BHIIIOJHUTE IIPOXO IO MACCHUBY,
cIMBast IEPBBIN OJOK CO BTOPBIM, 3aTeM BTOPOIi OJIOK ¢ TPETbUM U TaK Jajee.

8.22. Jlokaxute, 4TO METOMI, ONMCAHHBIN B yIIpaxkHeHUU 8.21, BHIITOIHSETCS 3a TMHEHHOE BpeMs.

8.23. PeanuzyiiTe GUTOHUUYECKYIO COPTUPOBKY CIMSIHUEM 0e3 KOMTUPOBaHUSI.

8.5. BocxoasuwAa COPTUPOBKA CIUAHUEM

Kak 0b1710 cKa3zaHoO B IJ1aBe 5, y KaxI0il peKypCUBHOI MPOrpaMMbl UMEETCSl HEPEKYPCUB-
HBIN aHAJIOT, KOTOPBI XOTSI U BBITIOJHSIET 9KBUBAJICHTHBIC NEHCTBYsI, HO MOXET eiaTh 3TO B
npyrom nopsiake. HepekypcuBHble peanu3aliuu COPTUPOBKU CIUSIHUEM 3aCTy>KMBAIOT 1€Ta/b-
HOTO M3Y4YeHUsl B KauyecTBe 00pa3lioB ¢uaocoduun aaropuTMoB “pasnessii U BaacTByii”.

PaccMoTpuM ToC/ienoBaTeIbHOCTD CAMSIHUM, BBITIOJHIEMYIO PEKYPCUBHBIM aJITOPUTMOM.
W3 npumMepa, nmpuBeIeHHOTo Ha puc. 8.2, BUIHO, 4TO (aiin pazmepom 15 copTupyetcs cie-
JyIolIel Moc/iea0BaTeIbHOCTBIO CUSHUIA:

1-u-1 1-u-1 2-u-2 1-u-1 1-u-1 2-u-2 4-u-4
1-u-1 1-u-1 2-u-2 1-u-1 2-u-1 4-u-3 8§-u-7.

TMopsinoK BBIMOJTHEHUS CAUSIHUI OMpenesieTcss peKypcuBHOM CTPYKTypoil anroputma. Ho
noadaiiabl 06padaThIBAIOTCS HE3aBUCUMO, TIO3TOMY CIMSHUSI MOTYT BBITTOJTHSTBCS B pa3iny-
HoMm mopsinke. Ha puc. 8.4 mokazaHa Bocxojsiasi CTpaTerusi, Ipyu KOTOPOI TOCea0BaTe/Ib-
HOCTb CIMSIHUI TaKoBa:

I-u-1 1-u-1 1-u-1 1-u-1 1-u-1 I-u-1 1-u-1
2-u-2 2-u-2 2-u-2 2-u-1 4-u-4 4-u-3 8-u-7.
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ASORTINGEXAMPLE B 060ux ciydasix BBITIOTHSIIOTCS CeMb CIUSTHMIMA 1-1-1,
A S o R TPU CIUSAHUA 2-U-2 U 110 OAHOMY CIUSIHUIO 2-U-1, 4-1-4,
LT 4-u-3 u §8-u-7, HO OHM BBIMOJHSIOTCS B PA3JIMYHOM IO-
G N psike. Bocxomsimiast cTpaTerus mpemjiaraeT ciIuBaTh Hau-
E X oy MEHBIINE U3 OCTaBIIMXCA (GailyIoB, MPOXOAsA 110 MACCUBY

L p cJIeBa HaIpaso.
AORS [TocnenoBaTeTbHOCTD CIUSTHUH, BBITIOMHSIEMAsT PeKyp-
GINT ey CHBHBIM aJITOPUTMOM, OTNPENENISIETCS IEPEBOM “pasielisii
£ L p W BIACTBYH”, IOKa3aHHBIM Ha pUC. 8.3: MBI IIPOCTO BHI-
AGINORST TTOJTHSIEM OOpaTHBIN TPOXOJ o 3ToMy nepeBy. Kak Gbu1o
P : g E ; "S" ? i MMOKa3aHo B INIaBe 3, MOXHO pa3paboTaTh HEPEKYPCUBHBII

Puc. 8.4. IlIpumep 6ocxo0s-
well CopmupoB8KU CAUSHUEM
B kaxcooit cmpoke nokazan
pe3yabmam 6vl308a Memooa
merge NPU 8bINOAHEHUU 80CX0-
dsueil copmupoBKU CAUAHUEM.
Buauane gvinoausiiomes causi-
Hus 1-u-1: npu causuuu A u S
noayuaemcs A S; npu CAUSHUU
O u R noayuaemcs O R u m.o.
H3-3a Heuemnocmu pazmepa
gaiina nocaednee E He NPUHU-
maem yuwacmue 6 causnuu. Ha
8MOpoOM npoxoode 8bINOAHAIOMCA
causHus 2-u-2: A S causaemcs
¢ O R, unosywaemci A OR S u
m.d., 00 nocaedneeo CAUSHUSA

aJITOPUTM, UCIIOJIb3YIOIIUIA SIBHBIA CTEK, KOTOPBIM AACT
Ty Xe TocJieoBaTeIbHOCTh causiHuii. OgHaKO cOBCceM
He 0053aTeIbHO OIPaHUYMBATHCS TOJBKO OOpaTHBIM I10-
PSAKOM: 20006 TIPOXOJ 1O AEePeBY, IIPU KOTOPOM OOXOII
MOJZIEPEBLEB y3J1a 3aBepllaeTcsl Mmepe MocelleHueM ca-
MOTO y3J1a, JaeT NMpaBWIbHbIM alroputM. EnMHCTBEHHOE
OrpaHMYEeHUE 3aKJII0YAEeTCd B TOM, UTO CIMBaeMble (Dailyibl
JIOJKHBI OBITh TIpEBApUTEbHO OTCOPTUPOBaHbI. B ciy-
yae COPTUPOBKU CIUSHUEM yIOOHO CHayayia BBHITTOJIHSITh
Bce ciusaHuA 1-m-1, 3aTeM Bce CIMSHUS 2-U-2, 3aTeM BCe
4-u-4, u taK nanee. Takast mocjien0BaTeIbHOCTb COOTBET-
CTBYeT 00XOJy JiepeBa IO YPOBHSIM, KOTOPBIil TOAHUMAET-
cs 10 IepeBY CHU3Y BBEPX.

B rnaBe 5 MBI yxXe BUAEIM Ha HECKOJbKUX NpHUMe-
pax, 4TO MpU PacCyXICHUU B CTHJIE CHU3Y-BBEpX MMeEET
CMBICJI TIEPEOPUEHTUPOBAThH MBIIIIEHUE B CTOPOHY CTpa-

Cxl

TeTUM “00BbEeIVHSN 1 BIACTBYI”, KOTIa CHavyaja pelraioT-

2-u-1. Ilocae smoeo 6vtnoaus-
omesa cauanus 4-u-4, 4-u-3 u
3asepuiaroujee S-u-7.

csl HEOoJblIME TOA3anauu, a 3aTeM OHU OOBEAUHSIOTCS
IUTSI TIOJTyYeHUsI pellieHusT 6oblieit 3amaun. B yacTHocTH,
HepeKypCUBHBIM BapUaHT BUIa “00beIWHSI 1 BIACTBY”
COPTUPOBKY CIUSHHUEM B IporpaMme 8.5 mojydaeTcsl CeayoluM o0pa3oM: BHaYalle BCe dJie-
MEHTHI (pailyila paccMaTpUBAIOTCS KaK YIOPSIOUYeHHBIE MOACTTUCKY aiuHoi 1. TToToM mrst HuX
BBITIOJIHSIFOTCSI CIIUSIHUS 1-1-1, M MOJIy4aroTCsl YIOPsIOYeHHBIEC TTOACITUCKN pa3MepoM 2, 3a-
TEM BBITIOJHSETCS CEpUs CUSAHUIN 2-U-2, UTO AaeT yHopsAoYeHHbIe MOACTIMCKU pa3MepoM 4,
M TaK Jajee 0 YIOopsaoueHMs Bcero crucka. Ecnm pasMep daiiina He sSIBIsSETCS CTETIEHbIO 2,
TO TMOCJIEAHUI MOACIMCOK HE BCErja MMEET TOT XK€ pa3Mep, YTO U BCe APYIrHe, HO €ro Bce
PaBHO MOXHO CJIMTb.

Ecnu pasmep aiina siBisieTcsl CTETIEHbBIO 2, TO MHOJCeCME0 CIVUSTHUM, BBITIOTHIEMBIX BOCXO-
JSIIE COPTUPOBKOI CIMSIHUEM, B TOYHOCTH COBMANIAET C MHONCECMEOM CIVSTHUM, BBITIOJTHSIC-
MBIM PEKYPCHUBHOI COPTUPOBKOM CIUSIHUEM, OHAKO HOCAe008ameabHocmy CIIUSIHUI OyaeT apy-
roii. Bocxomsiasi COpTUpOBKa CIMSITHIEM COOTBETCTBYET OOXOMy IepeBa “pasfesisiii M BIaCTBYA”
10 YPOBHSIM, CHU3Y BBEpX. B MPOTUBOIMOI0KHOCTh 3TOMY, PEKYPCUBHBIN aJIrOPUTM Ha3bIBAETCS
HUcxo0saueil copmuposkoil causHuem — B CUITy 00paTHOro o0xoa aepeBa CBepXy BHU3.

Ecnu pa3mep daiia He paBeH CTeTIeHU 2, BOCXOISIINI aJlTOPUTM JAeT IPYroe MHOXECTBO
CIIMSTHUI, KaK MoKa3aHo Ha puc. 8.5. Bocxonsmuii aropuT™M COOTBETCTBYET AepeEBY “00be-
IWHSM U BIAacTBY” (CM. ympaxkHeHue 5.75), OTIMYHOMY OT JepeBa “pasfesisii U BIacTByi”,
KOTOpPOE COOTBETCTBYET HUCXOMAIIEMY aJrOpUTMY. MOXHO cIelaTh TakK, YTOOBI MOCIea0Ba-
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TEJIBbHOCTb CIIMSIHUM, BBITIOJIHSIEMBIX PEKYPCUBHBIM METOJIOM, ObLJIa TaKOM e, KaK W JIJIs He-
PEKYPCHUBHOTO METO/a, OMHAKO JJISI 9TOr0 HET OCOOBIX MPUYMH, MOCKOJbKY Pa3HUIIA B TTPOU3-
BOAUTETLHOCTH HEBEIMKA TI0O OTHOIICHUIO K OOIIMM 3aTpaTaM.

Jlemmpbr 8.1—8.4 cripaBeUTMBBI U JIJIST BOCXOMSIIECH COPTUPOBKU CIAUSTHUEM, TIPU 3TOM UMe-
0T MECTO CJIeAYIOIINE TOTIOJHUTETbHBIE IEMMBI:

Jlemma 8.5. Bce causnus nHa kaxcoom npoxooe 80cxo0aueil COpmMUpo8KU CAUSHUEM MAHU-
nyaupyom ¢aiinamu, pamep Komopulx pageH cmenenu 2, 3a UCKAUEHUEM, 803MONCHO,
pasmepa nocaedreeo ¢haiiia.

OT0 (I)aKT JIETKO JOKa3aThb METOAOM MHAyKUWU. B

Jlemma 8.6. Koauuecmeo npoxodoé npu eocxodsuieit copmuposie causHuem no gaiiay uz N ane-
MEHMOE 8 MOMHOCMU PAGHO HUCAY 6umos 6 dsouuHom npedcmaesnenuu N (6e3 eedyuiux Hyaeli).
PasMep MOACITMCKOB Mocje k IPOXOI0B paBeH 2%, T.K. Ha KaXIOM IIPOXOJEe BOCXOIALIEH
COPTUPOBKHU CIIMSIHUEM pa3Mep YMOpsSAOUYCHHBIX MoAdaiiioB yaBanBaeTcsi. 3HaYUT, KO-
JIMYECTBO TIPOXOA0B, HEOOXOAMMOE ISl COPTUPOBKU (haiiyia u3 N 3J1eMeHTOB, €CTh Hau-
MeHbllee k Takoe, 4yTo 2k > N, 4TO B TOYHOCTU PaBHO |—1gNl T.€. KOJIUYECTBY OUTOB B
JNIBOMYHOM TpeAcTaBieHuu N. DTOT pe3yasTaT MOXHO J0Ka3aTh U METOIOM WHIYKIIMU

99

WU C TIOMOIIBIO aHAJTM3a CTPYKTYPHBIX CBOMCTB IEPEeBbeB “00beMMHSIN 1 BIacTBYiH”. W

Mporpamma 8.5. Bocxopsiias cCOpTUPOBKA CIMSHUEM

Bocxopsiast copTupoBKa CIMSIHUEM COCTOUT M3 TOCJIEN0BaTeIbHOCTH MPOXOJI0B MO BCEMY
(aiiny ¢ BBIMOJHEHNEM CIWSHUI BUIA m-U-m M ¢ YIBOCHWEM m Ha KaXmoMm rpoxone. [locmen-
HUii noagaiia uMeeT pa3Mep m JIKIIbL TOLIA, Koraa pa3Mep (aiia sBisieTcst 4eTHBIM KPaTHBIM m,
TaK 4TO MOCJEAHEE CIUSIHUE UMEET TUM m-U-X, JJIsI HEKOTOPOTO X, MEHBIIErO UM PaBHOTO m.

inline int min(int A, int B)
{ return (A <B) ? A : B; }
template <class Item>
void mergesortBU (Item a[], int 1, int r)
{ for (int m=1; m <= r-1; m = m+m)
for (int i =1; 1 <= r-m; i += m+m)
merge(a, i, itm-1, min(i+mtm-1, r));

Puc. 8.5. Pazmepot ¢haiinoe

npu eocxoosueil copmuposxe
causieHuem

Ecau paszmep ¢haiina ne pasen
cmenenu 2, mo cmpyKmypbl CAUs-
HUil 015 6ocxo0sauieil copmupoexku
CAUSIHUEM COBEPULEHHO He NOXO0INCU
HA cmMPYKmMypbl CAUAHULL 0N HUC-
xoosuweli copmuposku (puc. 8.3).
Ilpu 6ocxodsaweii copmupoexe pasz-
Mepbl 6cex haiinos (603MONCHO, 3a
UCKAIOHeHUeM nocae0He20) pasHbl
cmenenu 2. Imu pazruvus NOMo-
2arm noHsms 6a308YH0 CMPYKmMypy
aneopummos, Ho NOUYMU He GAUSIOM
Ha npou3600UMeNbHOCMb.
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Puc. 8.6. Bocxooawmasa copmuposxa causanuem

Jlns ynopsoouenus gaiina uz 200 s1emermo6 60CX002ulas COpMUPOBKA CAUSHUEM GblNOAHIEM
AUUb CeMb nPoX0008 no ¢haiiny. Kacowtii npoxoo 606oe ymervuiaem Koauuecmeo ynopsaoo-
YeHHbIX N00Paiinoe u yosausaem ux OAury (Kpome, 603MONCHO, NOCAEOHe20).

\\Q\

4
4
//

== ==

[Tpoliecc BBIMOJIHEHMST BOCXOIAIIECH COPTUPOBKU CAUSHUEM 0oJibloro ¢aiijia mokasaH Ha
puc. 8.6. CopTupoBKa 1 MUJUTMOHA 2JIEMEHTOB BBIMOJHSAETCA 3a 20 MPOXOAOB IO JaHHBIM,
1 Mmuwumapna — 3a 30 IIpoxoaoB U T.1.

[TogBoast UTOTM, OTMETUM, UTO HUCXOJSIIAS M BOCXOSIIAs COPTUPOBKY — 3TO JBa IPO-
CTBIX aJITOPUTMa COPTUPOBKU, OCHOBAHHBIX Ha OMepalluy CIAUSHUS IBYX YIMOPSIOYEHHBIX
nongaitioB B pe3yaETUPYIOIINI 00beIMHEHHBIN yIOPSIIOYeHHEIN (aitr. Oba aaropurMa Tec-
HO CBsI3aHBI MeXIy COOOM M 1axKe BBIMOJHSIOT OTHO U TO € MHOXECTBO CIMSIHUM, €CJIN pa3-
Mep HUCXOAHOTO (haiina sBIsSIeTCs CTeIeHblO 2, HO OHM OTHIONb He uaeHTu4YHbl. Ha puc. 8.7
JNEMOHCTPUPYIOTCS Pa3IuIus TMHAMUIECKUX XapaKTePUCTUK aJITOPUTMOB Ha MpuUMepe 60JTb-
mworo (aiina. Kaxaplii aIropuT™M MOXET UCIIOJIb30BaThCs Ha MPAKTUKE, €CIM SKOHOMMS Ta-
MSITU HE BaXkKHa, M XeJaTeJbHO rapaHTUPOBAaHHOE BpeMsl BBITIOJIHEHUS B XyalleM ciaydae. O6a
aJITOpyUTMa TIPEICTABIISIOT MHTEPEC KaK MPOTOTUIIBI OOIIUX MPUHITUITIOB TTOCTPOCHUST aJITOPUT-
MOB: “pasjieysii U BIacTByii” M “00beIVHSN U BIACTBYA”.

YnpaXxHeHusa

8.24. TlokaxuTe, KaKue CIMSHUS BBIIOJHSIET BOCXOMSINAs COPTUPOBKA CAMSIHUEM (IIPO-
rpamma 8.5) I KMoYei E A SYQUE ST I ON.

8.25. Peanu3yiiTe BOCXOISIIYIO COPTUPOBKY CIUSHUEM, KOTOpas HaAYMHAET C COPTUPOB-
KU BCTaBKaMU GJIOKOB 110 M aieMeHTOB. OnpeaenuTe SMIUPUIECKUM TyTeM 3HadeHue M,
JIUISI KOTOPOTO pa3paboTaHHasl IporpaMMa ObICTpee BCETO COPTUPYET IMPOU3BOJILHO YIIOPSI-
noueHHble daitnsl u3 N snementos, pu N = 103, 104, 10° u 10°.

8.26. Hapucyiite nepeBbsi, KOTOpble OTOOpAXKalOT CAMSHUS, BBIIIOJHSIEMbIC IIPOrpaMMOit
8.5 miss N =16, 24, 31, 32, 33 u 39.

8.27. Hanuiute nporpaMMy peKypCUBHOW COPTUPOBKYU CIUSTHUEM, BBITIOJHSIIONIYIO TE XKe
CJIUSTHUSI, YTO Y BOCXOMIAINAs COPTUPOBKA CITUSTHUEM.

8.28. Hanuiuute nporpaMmy BOCXOISILE COPTUPOBKU CIUSIHUEM, BBIIIOIHSIIOLIYIO Te 3Ke
CJIUSTHMSI, YTO U HUCXOMSIIAsi COPTUPOBKA CIUsIHUEM. (DTO yrpaxHeHUe HAMHOTO TPYI-
Hee, 4yeM yrnpaxHeHue 8.27).
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8.29. INpenmonoxuMm, 9To pasMmep Gaiia SIBISIETCS CTele-
HbIO 2. Ynanurte peKypcuio U3 HUCXOASIIEH COPTUPOBKU
CJIUSTHUEM TakK, YTOOBI MOJYYUTh HEPEKYPCUBHYIO COPTH-
POBKY CIIMSIHMEM, BBITIOJHSIIOLIYIO Ty Xe nociedosamens-
HOCMb CITUSTHUMN.

8.30. JJokaxuTe, YTO KOJIMYECTBO MPOXOIOB, BBIMOIHSIE-
MBIX HUCXOISIIENH COPTUPOBKOM CIIUSIHUEM, MaKdce PaBHO
KOJIMYECTBY OUTOB B JBOMYHOM IpeAcCTaBIeHUN yuciaa N
(cM. teMmy 8.6).

8.6. NPON3BOANTENBHOCTb
COPTUPOBKW CIIUSIHUEM

B ta6nuiie 8.1 mokazaHa oTHocuTebHast 3G (GEKTUBHOCTD
pa3JIMYHBIX pACCMOTPEHHBIX HAMU YCOBepllleHCTBOBaHMit. Kak
9TO YacTo ObIBAET, OKA3bIBAETCS, UTO €CJAU HAMIPABUTh YCUIIMS
Ha ONTUMMU3ALUIO BHYTPEHHETO LIMKJIA aJITOPUTMA COPTUPOB-
KW, TO BpeMsI BBITTOJTHEHUSI COPTUPOBKM MOXKHO COKPATHUTh
HaroJIOBMHY U Iaxke OOJbIIIe.

IToMuMO ycoBepIIEHCTBOBaHUM, paCCMOTPEHHBIX B pas-
neie 8.2, MOXHO JOOUTHCS HAJbHEMIIEero MOBBIIIEHUS IIPO-
M3BOAUTENbHOCTY, TIOMECTUB HAaWMEHBIIINE 3JIeMEHThl 000UX
MacCHBOB B MIPOCTbIE TIEpEMEHHbBIE WJIM MalllMHHBIE PETMCTPHI
mnpolueccopa U 1M30exaB TaKUM 00pa3oM JIMIIHUX OOpallleHu
K MaccuBaM. Toraa BHYTPEHHUI LMK COPTUPOBKU CIUSIHUEM
MOXHO CBECTH K CPaBHEHMIO (C YCIOBHBIM MEPEXOJIOM), YBE-
JIMYEHMIO Ha eIUHUILLY 3HAUYEHUH ABYX CYETYMKOB (k 1 JIMbO 1,
JI0O j) ¥ MPOBEpPKe YCIOBUS 3aBEPIICHUS LIMKJIIA C YCIOBHBIM
nepexoaoM. O0IIee KOJTUYECTBO KOMAaH B TAKOM BHYTPEHHEM
LIMKJIE HECKOJIbKO OoJibllle, YeM ISl OBICTPOl COPTUPOBKHU,
HO 3TW KOMaHIbI BBITTOTHSIOTCS Bcero Juiib N Ig N pa3, B TO
BpeMsT KaK KOMaH/Ibl BHYTPEHHETO IMKJIa OBICTPOI COPTUPOB-
KU BBITIOJHSIOTCS Ha 39% vame (wm Ha 29% 11sl BapraHTa
C BBIYMCIIEHUEM MeIuaHbl U3 Tpex). st 6ojiee TOUHOTO CpaB-
HEeHUS 3TUX JBYX aJITOPUTMOB B PAa3IMUHBIX cpelax HyXHa MX
TLIATEIbHAS peanu3allusl v MoaApoOHbIi aHaau3. OTHaKO TOYHO
M3BECTHO, YTO BHYTPEHHUI LIMKJI COPTUPOBKU CIUSHUEM He-
CKOJIbKO JUTMHHEE BHYTPEHHETO LIMKJIa ObICTPOIl COPTUPOBKU.

Kak 0ObIYHO, MBI CUMTaeM CBOMM JIOJITOM MPENOCTepPEYb,
YTO MOTOHS 3a MOJOOHBIMU YCOBEPIIEHCTBOBAHUSMHU, CTOJIb
3aMaHuYMBas JJI1 MHOTMX MPOrPaMMUMCTOB, YaCTO NMPUHOCUT
JINIITb He3HAYUTEbHBIC BBITOIBI, U B HEe CTOUT IYCKAThCS
TOJILKO TIOCJIe pa3peleHusT 60jee BasKHBIX BOTIPOCOB. B maH-
HOM cJlydae COPTUPOBKA CIUSHUEM 00JlagaeT HECOMHEHHBIM
OpPEeuMYIIECTBOM Iiepen ObICTpOIi COPTUPOBKOM B TOM, YTO
OHa YCTOWYMBA 1 TapaHTUPYET BBICOKYIO CKOPOCTh (BHE 3aBH-
CHMOCTH OT XapakTepa BXOAHBIX TaHHBIX), HO TIPOUTPHIBAET B
TOM, YTO MCIOJIb3YeT NOIMOJIHUTENbHBII 00beM MaMsITH, TTPO-
MOPLMOHANBHBIN pa3Mepy MaccuBa.

™
™~

Puc. 8.7. Cpasnenue eoc-
Xo0suell u Hucxooauwelt
COpMUPOBKU CAUAHUCM

Bocxodsawas copmuposrka
causiHuem (caeea) 8blno-
Hsiem cepuro npoxo0o8 no
Gaiiny, komopuie caugarom
ynopsadoueHnHbvle nodgaiinsi,
NoKa He ocmaHemcsi Mmoab-
K0 00un. Kaxcowlii anemenm
Gaiina, 3a uckaouenuem,
B803MOICHO, NOCAEOHEe20,
yuacmeyem 8 Kaxicoom npo-
xode. B omauvue om smoeo,
HUCX001Wasl COpPMUPOBKA
causHuem (cnpasa) eHava-
e ynopsoouusaem nepeyro
noaosuny ¢haiina, a 3amem
bepemcst 3a 6mopyio noao-
8UHY (PeKypCu6Ho), NO3MO-
My duaepamma ee pabomul
cyuwecmeeHHo OmAU4aemcsi.
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Ta6nuua 8.1. AMnupuyeckoe cpaBHeHUe anrOPMTMOB COPTUPOBKU CIIMSIHUEM

[IpencraBieHHbIe 3[€Ch OTHOCUTEIbHBIE BpEMEHHbBIE ITOKA3aTEIM PA3IMYHbBIX BUIOB COPTUPOB-
KU IJIs1 CJIy4aidHO YIOPsIMOYEHHBIX (haiiyIoB 4KMCell ¢ IUIaBaoIleil TOYKOM pa3InyHOro pa3Mepa
N 1moKasbIBaloT, YTO: CTaHAapTHas ObICTpasi COPTUPOBKA IIPMMEPHO B JBa pa3a ObICTpee CTaH-
IAapTHOM COPTUPOBKU CIUSIHEM; 100aBlIeHNE OTCEUCHUs HeOOMBIINX (haiiJIoB CHIKAET BpeMs
BBITTOJIHEHHUS. M HUCXOASIIEN, M BOCXOASIIEN COPTUPOBOK CIIMSIHUEM IIpUMeEpHO Ha 15%; s
YKa3aHHBIX B Ta0OIMIE pa3MepoB (ailyioB OLICTPOAEHCTBIE HUCXOMSIIEH COPTUPOBKH CIIMSIHIEM
npubau3uteabHo Ha 10% Bblille, YeM BOCXOMSIIIEiH; qaXxe eCIu YCTPAHUTh 3aTPaThl Ha KOIKMPO-
BaHMe (hailyia, TO M B 3TOM CjIydae COPTUPOBKA CIMSIHUEM CIIy4ailHO YIOPSIAOYEeHHBIX (hailioB Ha
50—60% memieHHee OOBIYHOM OBICTPOI COPTHPOBKM (CM. Tadi. 7.1).

Hucxoosawas Bocxooswas
N Q T T* (0] B B*
12500 2 5 4 4 5 4
25000 5 12 8 8 11 9
50000 11 23 20 17 26 23
100000 24 53 43 37 59 53
200000 52 111 92 78 127 110
400000 109 237 198 168 267 232
800000 241 524 426 358 568 496
0b6o3HaueHus:
Q CraHgapTHas ObICTpasi cCOpTUpOBKa (rmporpamma 7.1)
T CraHmapTHast HUCXO/sI1Iasi COPTUPOBKA CIusiHUEM (rmporpamma 8.1)
T Hucxonsiiast copTupoBKa CIMSIHMEM C OTCEYeHUEM HeOOMbIIMX (haiijioB
(0] Hucxonsiast copTupoBKa CIMSTHUEM C OTCeYeHUEM U 6e3 KOMMPOBAaHUSI MacCHBa
B CraHaapTHas BOCXOJsIIasi COPTUPOBKA CIUSIHUEM (TTporpamma 8.5)

B* Bocxogsiiiasg coOpTUPOBKA CIUMSTHUEM C OTCeYeHUeM HebobuX (aitnos

Ecnu atn pakTOpBl CKIOHSIOTCS B IMOJIb3Y COPTUPOBKM CIUsIHUEM (U OBICTpOJEHCTBHE
uMeeT 00JbIIoe 3HAUYEHUE), TO PACCMOTPEHHbIE HAMU YCOBEPILIEHCTBOBAHUS 3aCIyXKUBAIOT
BHUMATEJIbHOTO PAaCCMOTPEHUSI — Hapsiay ¢ THIATEJIbHBIM U3y4YeHHEM KOMITMJIMPOBAHHOTO
KO/1a, 0COOEHHOCTEN apXUTEKTYphl KOMITbIOTEPA U TIp.

C npyroit CTOpOHbI, YMECTHO MOBTOPUTH U OOBIYHOE IMPEIOCTEPEXKEHHUE O TOM, 4YTO IPO-
TPaMMUCTBI HUKOTIIA HE JOJDKHBI YITYCKaTh U3 BUAY BOIPOCH! MPOU3BOAUTEIBHOCTH, YTOOBI He
JOITYCTUTh COBEPIIIEHHO HEOIpaBIaHHbIX U3epKeK. BceM mporpammucTam (Kak u aBTopam!)
COBEpUIEHHO He HPaBUTCS, KOTJa HECYLIECTBEHHbIE, HO BOBPEMsI HE 3aMeUeHHbIe CBOWCTBA
peanM3aly NepeKphIBAIOT BCe APYrue XUTPOYMHBbIE MeXaHU3Mbl. YacTo mocje Takoro Tiia-
TEJIbHOTO aHaju3a yoaeTcsl COKPAaTUTh BpeMsl BhITIOJHEHUS! HamonoBuHY. Haubonee addex-
TUBHOM 3allIUTOI MPOTHUB TaKUX HETIPUSITHBIX CIOPIIPU30B, BOBHUKAIOIIMX B CAMBIN HEMOIXO0-
ISIIAN MOMEHT, SIBJISIETCSI MHOTOKpaTHOE TeCTUPOBAaHUE.

DT MOMEHTHI YK€ ObUIM pacCMOTPEHBI B TJIaBe 5, OMHAKO TMPUBJIEKATEbHOCTh MpeXie-
BPEMEHHOM ONTUMM3ALMU HACTOJIbKO CUJIbHA, YTO YMECTHO HAlIOMUHATh 00 3TOM KaXXIbIi
pa3 Mpu AeTaTbHOM U3YYeHUU METOMIOB YJIYUIIeHUs] TIPOU3BOAMTEILHOCTU. B ciydae coptu-
POBKM CIUSITHUEM MOXHO YyBCTBOBaTbh ceOsl BIOJIHE CITOKOWHO, TTOCKOJIbKY JeMMbl 8.1—8.4
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OMUCHIBAIOT HanboJjiee BaXHbIE XapaKTEPUCTUKM MPOU3BOAUTEIBHOCTU U BEPHBI JIJISI BCEX
PacCMOTPEHHBIX HAaMU peajv3alliii: BpeMs UX BbINOJIHEHMST MpoIoploHaibHo N log N npu
JI00O0# OpraHu3alMy BXOIHBIX JAHHBIX (CM. puc. 8.8), OHM UCIOIB3YIOT JOMOJHUTEIBHYIO Ma-
MSITh U MOTYT OBITh peai30BaHbl C COXpaHeHUEM YCTOMUMBOCTU. CoXpaHEHHME 3TUX CBOICTB
B IIPOIIECCe ONTUMU3ALMMN OOBIYHO HE SIBJISIETCS TPYITHOM 3amadeid.

it
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WL ddd

o

—
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Puc. 8.8. Ynopsaodouenue pazauunvix 6uooe haiinoe

C HOMOWBIO 80CX00AUCH COPMUPOBKU CAUAHUEM

Bpewms evitnoanenus copmuposku causHuem He 3a8uUcum om 6xo0Huix dannvix. Ha smux dua-
2PaMMAax NOKA3AHO KOAUYECMEO NPOX0008, GbINOAHACMbIX NPU B0CX00sULCH COPMUPOBKe Pail-
108 C PAGHOMEDPHO PACNPEOeNeHHbIMU CAYHAUHBIMU OAHHbIMU, HOPMALbHO PACHPEOeNeHHbIMU
CAYHAUHBIMU OAHHBIMU, NOYMU YNOPAOOHEHHbIX (aiinoe, NoUmu 00pamuo Ynopsi0o4eHHbIX
0aHHbIX U cayHaiino ynopsadouentuvix ¢ 10 pazauunvimu 3HaveHusmu Karouetl (cieea Hanpaeo).
Buono, umo smo koauuecmeo zasucum moavko om pasmepa Qaiia u HUKAK He C833aHO0 €O
B8X0OHbIMU 3HAYEHUAMU. DMO noeedenue pa3umenbHo OMAUYaemcst 0m nogeoerus ObL.cmpou
COPMUPOBKU U MHO2UX OpY2UX An20puUmmos.
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YnpaXxHeHusa

8.31. Peanu3yiiTe BOCXOASIIYIO COPTUPOBKY CIMSIHUEM 0€3 KOIMUPOBAHUSI MaCCUBOB.

8.32. Pa3paboraiiTe mporpaMmy TpeXypOBHEBOM I'MOPUIHON COPTUPOBKU, UCITOIL3YIONIYIO
OBICTPYIO COPTUPOBKY, COPTUPOBKY CIMSHUEM U COPTUPOBKY BCTABKAMU, YTOOBI TTOTYUMII-
CsI METOJI, HACTOJIBKO Xe d(P(EKTUBHBIN, KaK 1 CaMbIif OBICTPLIA BApUAaHT OBICTPON COPTHU-
POBKM (maxe I HEOOIBIINX (PAiIoB), HO TApaHTUPYIOLINI JIydIllee, YeM KBaIpaTHIHOE,
BpeMsI BBITIOJTHEHUS B XY/IIIEM CIIy4ae.

8.7. PEANMM3ALUNN COPTUPOBKW CIUSIHUEM
AN CBA3HbIX CMNWCKOB

Pa3 yx I1st IpakTHIeCKOU pean3alii COPTUPOBKU CIUSHUEM BCe paBHO TpeOyeTcs 0-
MOJIHUTEJIbHAS MaMsITh, TO MOXHO PacCMOTPETh W pean3alldio JJIsl CBA3HBIX CIIUCKOB. To
€CTb BMECTO MCIOJIb30BaHUS JOTIOJHUTENbHOM MaMsITU Ha BCIIOMOTATebHbIA MaCCUB MOXK-
HO TIPUMEHMTD €€ JJIsI XpaHEHMS CChIJIOK. A KTO-TO MOXET Cpa3y CTOJKHYTHCS ¢ TTPOOIeMOi
COPTUPOBKY CBS3HOTO CIUCKa (cM. pasmen 6.9). Oka3biBaeTcsl, COPTUPOBKA CIIUSTHAEM OYCHD
yao0Ha ISl CBSI3HBIX cUMCKOB. [ToHas peaqu3aiivsi MeToia COPTUPOBKY CAMSHUEM CBSI3HBIX
CIUCKOB TIpeAcTaBieHa B TiporpamMe 8.6. O6paTuTe BHUMaHWE, YTO KOI CaMOTO CIMSTHUS
MOYTH TaK Xe MPOCT, KaK U JUIsl CIMSIHUSI MacCUBOB (rporpamMma 8.2).

HMest B cBoeM pacmopsiKeHUU 3TY (DYHKIIMIO CAUSHMS, JIETKO TOJYYUTh PEKYPCUBHYIO
HUCXOMISIIYI0 COPTUPOBKY CIIUSIHUEM CITUCKOB. [IporpamMma 8.7 sIBisieTCsT IPSAMOI peKYPCUB-
HOW peanuzaumeil GyHKUMU, KOTOpasi MPUMHUMAET B KauyecTBe MapaMeTpa yKasaTeslb Ha He-
YIOPSIIOYEHHBIN CIUMCOK M BO3BpalllaeT yKa3aTedb Ha CIIMCOK, CONEPXKAIIU Te e 2JeMEHTHI
B OTCOPTUPOBAHHOM TTOpSIIKE. DTa TIporpaMmMa BBITIOJHSIET CBOIO paboTy, IMepeyIopsIoInBast
Y3JIbI CITMCKa W He TpeOysl Co3MaHusl HU BPEMEHHBIX y3JI0B, HU BCIIOMOTaTeIbHBIX CITUCKOB.
s onpenenaeHus cepeauHbl CIIMcKa IporpaMMa 8.7 UCIOIb3yeT XUTPBIM IIpUeM; ApyTue pea-
JIN3aIMY MOTYT TepenaBaTh IJIMHY CIMCKa B peKYPCUBHYIO MIPOrpaMMy JIMOO B BUIE TTapaMeT-
pa, 1M00 B caMOM crnuicke. B cuiy pekypcruBHON (OpMYyJIMPOBKM 3Ta TporpaMma Irpocra Jist
TMOHMMaHUsI, HECMOTPSI Ha JOCTaTOYHO CJIOXKHBIN aJITOPUTM.

Mporpamma 8.6. CnusHue CBA3HbIX CMUCKOB

JlaHHast mporpaMMa CJIMBaeT CIIMCOK, Ha KOTOPBIM yKa3bIBaeT a, CO CIMCKOM, Ha KOTOPBIM
YKa3bIBacT b, ¢ MIOMOILIBIO BCIIOMOIaTEJIbHOTO yKasarteJjid c. Onepaunﬂ CpaBHCHUA KJII04eil B
(YHKILIMU merge BKIIOYAET U PaBEHCTBO, TaK YTO CAUSIHUE OydeT YCTOMUYMBBIM, €CJIU T10 yC-
JIOBUIO CITMCOK b CJeayeT 3a CIIMCKOM a. JIs1 MpOoCTOThI 31eCh MPUHSITO, YTO BCE CIUCKU 3a-
BEPIIAIOTCS ITYCTOW CCBUIKOW, HO TTIPUTOIHBI U APYTHE COIALIEHUS OTHOCUTEIbHO OKOHYAHUS
cruckoB (cM. Tabm. 3.1). UTo elie BaxxHee, B KONE He UCNOAb3YI0MCcs BELYIINe Y3IIbl CIIUCKOB,
KOTOPBIX MHA4Ye ObUIO Obl OUEHb MHOTO.

link merge (link a, link b)

{ node dummy (0) ; link head = &dummy, c = head;
while ((a !'=0) && (b !=0))
if (a->item < b->item)
{ c->next = a; ¢ = a; a = a->next; }

else
{ c->next = b; ¢ =Db; b =Db->next; }
c->next = (a==0) ? b : a;

return head->next;
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Mporpamma 8.7. CopTMpoOBKa CNMUCKOB C/IUSIHUEM CBEPXY BHU3

JIJ1s1 BBITTOJTHEHUST COPTMPOBKM 3Ta MporpaMma pa3ouBaeT CIIMCOK, Ha KOTOPbIM YKa3bIBaeT c,
Ha JIB€ 4aCTU, Ha KOTOPbIE€ YKa3bIBalOT, COOTBETCTBEHHO, yKa3aTeJl a U b, pEKYPCUBHO COp-
TUPYET TU YaCTU U MOJyvyaeT OKOHYATEJbHbIM pe3ybTaT ¢ MOMOIIbI0 GYHKIIMU merge (Mpo-
rpamMa 8.6). BxomHoit CITMCOK MOJDKeH 3aKaHYMBAThLCS ITYCTOM CCBIIKOM (CliemoBaTeIbHO, TaK
K€ JTOJIXKEH 3aKaH4YMBAThCSl U CIIMCOK D), a B KOHELL CITKCKA a MyCTYI0 CChUIKY 3aHOCUT CIIeLU-
aJbHBIA onepaTop c->next = 0.
link mergesort (link c)
{ if (c == || c=>next == 0) return c;
link a = ¢, b = c->next;
while ((b !'= 0) && (b->next !=0))
{ ¢ = c->next; b = b->next->next; }
b = c->next; c->next = 0;
return merge (mergesort (a), mergesort (b)),

K copTupoBKe CIUSIHUEM CBSI3HBIX CITMCKOB MOXHO MPUMEHMUTb U BOCXOISIIINMN TTOAXO
“00beIMHSN 1 BIACTBYI”, XOTSI HEOOXOINMMOCTh OTCJIEXKMBATh CCHUIKHU JAejlaeT ero 0oJjiee
CJIOXXHBIM, YEM KaXeTcsl Ha MepBbiil B3MIAA. Kak ymoMUHAI0OCh MPU U3YYEHUU HUCXOISIINX
METOJI0OB COPTUPOBKM MAacCUBOB B pasneie 8.3, mpu pa3paboTKe aJropuTMa BOCXOsIIEeH cop-
TUPOBKU CIIMSIHUEM CIIMCKOB HE CYIIECTBYET BECKUX MPUYMH MPUIEPKUBATHCS TOYHO TOTO XKe
Habopa CIUSIHUI, YTO U IIJIs PeKypCUBHOW BEPCUU UJIW BEPCUM, UCTIONbB3YIOLIEH MACCUBBI.

CaMm co0o0ii HampalIvBaeTcss MHTEPECHBI BapUaHT BOCXOISIIEH COPTUPOBKU CIUSTHUEM
CBSI3HBIX CITMCKOB: MOMeEIaeM 3JIEMEHTHI CITUCKA B yuKAuuecKui CIIMCOK, TOCIe Yero Mpoxo-
UM TIO CITMCKY, CIMBasi TIapbl YIIOPSIOYEHHBIX MOoAMaiaoB 10 MOJIHOTO 3aBepIIeHUsl. DTOT
METO/I KOHIIETNTYaJIbHO MPOCT, OJHAKO (KaK 3TO YacTO ObIBACT B CIy4yae HU3KOYPOBHEBBIX MPO-
rpaMMm o0OpaOOTKM CBSI3HBIX CITMCKOB) €0 peaar3aliis MOXET 0Ka3aThCs BechbMa 3allyTaHHOM
(cm. yripaxHeHue 8.36). JIpyroit BApuaHT BOCXOMSINEH COPTUPOBKU CIIMSIHUEM CBSI3HBIX CITH-
CKOB, OCHOBAaHHBIIl Ha TOH e ujee, MpeacTaBieH B porpaMMe 8.8: B HEM BCe COpPTUpPYEMbIe
cnucku xpaHsaTces B AT/l ouepenm.

Mporpamma 8.8. Bocxoaswas coOpTMPOBKA CANSIHUEM CBSI3HbIX CMUCKOB

JlaHHas TTporpamMMa peajansyeT BOCXOSIIYI0 COPTUPOBKY clusiHueM, ucnonb3ys AT/l ouepenn
(mporpaMma 4.18). DiieMeHThl ouYepean MPeaCTaBsSIOT cO00l yOpsAOYEHHbIC CBSI3HbIE CITH-
cku. ITocire MHULIMATU3AIUKA OYepeay CITMCKAMHU eIMHUYHON JUIMHBI TTPOrpaMMa IPOCTO M3-
BJIEKAaeT M3 OYepeNn IBa CIIMCKa, CIMBAET MX M BO3BpAIAeT MOJYYCHHBIN pe3ybTaT B 3Ty Xe
odepenb — M TaK JIO TeX TOP, TTOKa He OCTAHETCS TOJIBKO ONUH CIHMCOK. DTOT CIOC00, KaK 1
B CJIy4ae BOCXOZSILENA COPTUPOBKY CIMSIHUEM, COOTBETCTBYET IOCIEA0BATEILHOCTU IIPOXOI0B
10 BCEM BJIEMEHTaM, C YIBOCHMEM Ha KaXIOM IIPOXOJE MJIMHBI YIOPSIOYEHHBIX CIIUCKOB.

link mergesort (link t)
{ QUEUE<link> Q (max) ;
if (t == || t->next == 0) return t;
for (linku=0; t !=0; t =u)
{ u=t->next; t->next = 0; Q.put(t); }
t =0Q.get();
while (!Q.empty())
{ Q.put(t); t = merge(Q.get(), Q.get()); }
return t;
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DTOT MeTO TaKKe KOHIENTYaTbHO MPOCT, OAHAKO (KaK W TSI MHOTUX IPYTMX BBICOKO-
YPOBHEBBIX MporpamMm, ucrnoibdytoiux ATJl) ero peanuzauust makice MOXET OTPeOOBATH
XUTPOYMHOTO TTPOTPAMMMPOBAHMUS.

OmHO M3 BaXKHBIX CBOMCTB 3TOTO METOMa 3aKJTF0YaeTCsl B TOM, UTO OH WCIOJIB3YeT YIIOPSIO-
YeHHOCTh, KOTOpasi MOXeT MPUCYTCTBOBATh B haiine. B camoM Jene, KOJM4ecTBO MPOXOAOB MO
CIIMCKY paBHO He |—1gN—|, a |—lgS—|, rae S — KOJIWYECTBO YIIOPSIOYeHHBIX ITOA(DaIOB B ICXOTHOM
¢aiine. Takoit criocod MHOTrIA Ha3bIBaeTCs ecmecmeenHoli (natural) COpPTUPOBKOM CIUSTHUEM.
1 cydaifHO YIopsimOYeHHbBIX (aiiloB ecTeCTBEHHAs COPTUPOBKA CAUSHUEM He JaeT Cyllie-
CTBEHHOTO BBIMTPHIIIA, pa3Be YTO OAWH-IBA TTpoxoaa ((haKTUIeCKH 3TOT METOM, BUAMMO, OymeT
Me/IJIeHHEee HUCXOMSIIIET0 MEeTola — M3-3a 3aTpaT Ha MPOBEPKY YNOPSIAOUEHHOCTH (aitna), of-
HaKO Ha MpaKTUKe JOCTAaTOYHO YacTO BCTpeyaroTcs (haiiibl, COCTOAIIME M3 OJOKOB YIOPSI0-
YeHHBIX MOAMAIIOB; U B TAKMX CUTYaIIUsIX JAHHBIM METOJ OyIeT TOCTaTOYHO 3(P(hEeKTUBEH.

YnpaXxHeHusa

o 8.33. PaszpaboraiiTe peaqn3alMio HUCXOISIE COPTUPOBKYU CIMSIHUEM CBSI3HBIX CIIMCKOB,
KOTOpas IepenaeT peKypCcUBHOM Mpolieaype JUIMHY CIMCKa B KauecTBe MapameTpa U uc-
TTOJTB3YET ee JUIST OTNpPeICICHUsI MecTa pa30reHMsl CIIMCKOB.

® 8.34. Pa3pabortaiiTe peaan3alio HUCXOASIIENH COPTUPOBKYU CIAUSHUEM ISl CBS3HBIX CIIU-
CKOB, KOTODPBIE COIEPXAT COOCTBEHHBIE [UIMHBI B BEAYIIMX y3JIaX, U MUCIOJIb3YIOLIENH 3TH
JUTMHBI JIJIS1 OTIpEeJIEHNsI MeCTa Pa3OUeHUsl CIIMCKOB.

8.35. [Ilo6aBbTe B nmporpamMmy 8.7 oTceueHue HeOoJblIMX Moadaiiios. Onpeaenure npe-
JIeJIbHBIN pa3Mep oTceKaeMbIX (DailioB, KOTOPBI YCKOPSIET BBIMOIHEHUE MPOrPaMMBblI.

0 8.36. Peanm3yiiTe BOCXOISIIYIO COPTUPOBKY CIUSTHUEM, MCIOJB3YIONIYIO IIUKIMYECKUI
CBSI3HBIN CITMCOK, KaK OIMCAHO B TEKCTE.

8.37. lo6GaBbTe B BOCXOISIIYIO COPTUPOBKY CIMSIHAEM LIMKIMYECKHUX CITMCKOB M3 YITpaX-
HeHus 8.36 oTcedueHne HeOObIIMX TToadaiiaoB. OnpenenanTe MpeaeabHbI pa3Mep oTce-
KaeMbIX (haiiioB, KOTOPHI YCKOPSIET BBIITOJHEHNE ITPOIPAMMBbI.

8.38. [lo6aBrTe B mporpammy 8.8 orceueHue HebosbIIMX MmoagdaiiioB. Onpenaenure mpe-
JIETbHBIN pa3Mep OTCeKaeMbIX (DailloB, KOTOPBIA YCKOPSIET BLIMOJIHEHUE MPOrpaMMBbI.

0 8.39. Hapucyiite nepeBo “00benMHSI U BIACTBYI”, KOTOpOEe OTOOpaKaeT CAUSIHUS, BbI-
MoJTHsIeMBbIe TTporpamMmoit 8.8, mist N = 16, 24, 31, 32, 33 u 39.

8.40. Hapucyiite nepeBo “o0benuHsI U BIIACTBYI”, KOTOPOE OTOOpaKaeT CAUSIHUS, BbI-
MOJIHSIEMbIE COPTUPOBKOM CIUSIHUEM LMKJIWUYecKoro cmnucka (ymnpaxHeHue 8.38), mist
N =16, 24, 31, 32, 33 u 39.

8.41. INpoenure sMMUpUYECKHE UCCIEIOBaHNS, U HA UX OCHOBE BBIIABMHBTE TUIOTE3Y O
KOJIMYECTBE YIIOPSIIOUYCHHBIX MofdaitinoB B ¢aiiyie u3 N ciydaiiHbIX 32-pa3psiiHbIX IBOUY-
HBIX LIEJIbIX YUCET.

® 8.42. DKCIepUMEHTAIbHO OMpPENeIUTe KOJTUYECTBO MPOXOA0B, HEOOXOMUMBIX JIJIsl BHITIOJ -
HEHUs €CTECTBEHHOW COPTUPOBKM CIUSHUEM CIIyYalHBIX 64-pa3psIHBIX JBOMYHBIX KITIO-
geit, mpu N = 10°, 10*, 10° u 10°. [Todcka3ka: 1Sl BBITIONHEHUS 3TOTO YIIPAXHEHUS He 00sI-
3aTeIbHO Pealn30BaTh COPTUPOBKY (M Aaxke TeHEpUPOBaTh MOJTHBIC 64-pa3psaHble KITIOUN).

® 8.43. [Ipeobpasyiite nporpammy 8.8 B IporpaMMy €CTECTBEHHOI COPTMPOBKU CIUSIHUEM
C TIOMOIIIbIO TIEPBOHAYAIBLHOTO 3allOTHEHMS ouepenn YIMOpSAOoYeHHBIMM MoAdaiiiaMu U3
BXOMHOTO (aiiia.

O 8.44. PeanusyiiTe €CTECTBEHHYIO COPTUPOBKY CIUSTHUEM JJISI MAaCCHUBOB.
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8.8. B03BPAT K PEKYPCUM

ITporpammpbl, MpeacTaBieHHbIE B JTaHHOM IJIaBe, M ObICTPasi COPTUPOBKA, PACCMOTPEHHAas B
MIpeIbIIyIIeil T1aBe — 3TO TUIIMYHbBIC pealM3aliy aJIrOPUTMOB “pa3fessii 1 BiaacTByil”. B mo-
CJICTYIOLIUX TJIaBaX Mbl O3HAKOMUMCS C ellle HECKOJIbKMMU aJIFTOPUTMAaMU TTOIIOOHOI CTPYKTYPHI,
TaK YTO CTOUT OoJiee MOAPOOHO PACCMOTPETh OCHOBHbBIE XapaKTEPUCTUKM STUX peasli3aliMii.

Bo3MoxkHO, OBICTPYIO COPTUPOBKY OBLIIO ObI TOUHEE HA3BaTh aJITOPUTMOM “‘61acmayii u pas-
deaail”: B peKypCUBHBIX peau3alusax MpU KaXaoM oOpalleHuH 00Jblast 4acTh paboThl BbI-
TOJTHSIETCSI neped PEKYPCUBHBIMU BbI30BaMU. A BOT PeKypCHMBHAasl COPTUPOBKA CAUsIHUEM 00-
Jiee COOTBETCTBYET MPUHIIUITY “pas3fessiii M BIacTBYi”: BHavase ¢aii AeUTCS Ha ABE YacTH,
M 3aTeM Kaxjaasi yacTb oOpabarbiBaeTcsl oTnebHO. COpTUPOBKA CAMSIHMEM CHavayia BBITIOJ-
HsIeTCcs 151 HeOOJbIIMX 3a7a4, a B 3aKJII0UeHre o0pabaThiBaeTCsl caMblil 00J1bIION Toadaii.
BricTpast copTrpoBKa HauMHAaeTCsI ¢ 00pabOTKKM HAMOOJIBIIEro IMmoadaiiia 1 3aBepiiaeTcs 00-
paboTKoit moadaitaoB HeOOJBIINX pa3MepoB. JIIOOOIIBITHO CpaBHEHNE 3TUX aJTOPUTMOB 10
aHaJIOTUU C YIpaBJieHWEM KOJIJIEKTUBOM COTPYIHUKOB, YIOMSIHYTOI B Hayaje NaHHOM Ija-
BBI: OBICTpasi COPTUPOBKA COOTBETCTBYET TOMY, UTO KaXKIblii pPyKOBOIUTEIb 3aTpauylBaeT CBOM
ycwiIusl Ha TIpaBWIbHOE pa3OMeHMe 3aauyM Ha ToA3agadyu, TaK 4TO IOC/e BBITIOJHEHUS BCEeX
noj3agay pabora OyAeT yCIElIHO BBIMOJHEHA; COPTUPOBKA CAMSIHUEM COOTBETCTBYET TOMY,
YTO KaXIbI PYKOBOJAUTENb OBICTPO M TIPOU3BOILHO ACJUT 3amady IMoIojiaM, a 3aTeM, Moce
pelIeHus To3anay, 3aTpaurBaeT CBOM YCUJIUSI Ha OObeIMHEHE PE3YJIbTaTOB.

DTO pazauuue SICHO BUAHO B HEPEKYPCUBHBIX peain3alusx. beIcTpoii COpTUPOBKE HYXEH
CTeK — JUISI XpaHeHWsI OOJBIIMX TTo3aaa4, pa30reHne Ha KOTOPbIe 3aBUCHUT OT BXOMHBIX daH-
HbIX. COpTUPOBKA CIIMSHUEM JIOMYCKAET MPOCThie HEPEKYPCUBHBIC pean3aliu, MOCKOJIbKY
croco® pazoueHus daiiia Ha YaCcTU He 3aBMCUT OT JaHHBIX, U CTAHOBUTCSI BOZMOXHBIM M3Me-
HEeHUE OYePEeTHOCTH PEIIeHMS MOA3a1ay, YTO MO3BOJISIET YITPOCTUTD TTPOTPAMMY.

CyllecTByeT ToOUKa 3peHUsI, YTO OBICTPYIO COPTUPOBKY €CTECTBEHHEE paccMaTpUBaTh Kak
HUCXOASIIIUI aJrOpUTM, MOCKOJbKY OH HauMHaeT paboTy Ha BepIlMHE JAepeBa PEeKypCcuu, a
3aTeM JIJIST 3aBepIIeHUs] COPTUPOBKHU OMyCcKaeTcsl BHM3. MOXHO 001yMaTh M HEPEKYPCUBHBIM
BapuaHT OBICTPOIl COPTUPOBKHU, KOTOPAsi 0OXOIUT IEPEBO PEKYPCUM CBEPXY BHU3, HO TIO0 YPOB-
HsM. TakuMm o6pa3oM, COPTUPOBKA MHOTOKPATHO MPOXOAUT MO MAacCHUBY, pa3duBas aiiabl Ha
MeHbIue Tondaiisl. 1T MACCUBOB 3TOT METON He TOIUTCS M3-3a OOJIBIIOTO 0ObeMa 3aTpaT
Ha XpaHeHMe MHGopMalnu o roadaitiax, a sk CBA3HBIX CITMCKOB OH aHAJOTUYEH BOCXOISI-
1IE COPTUPOBKE CIMSHUEM.

CopThpoBKa CIUSTHUEM M ObICTpasl COPTUPOBKA OTIMYAIOTCS TT0 TIPU3HAKY YCTOMYMBOCTH.
Ecnu nongaiinbel pyu COPTUPOBKE CIAUSTHUEM YIIOPSIOYEHBI C COOIONEHUEM YCTOMYMBOCTH,
TO BIIOJIHE TOCTaTOYHO 00ECMeYUTh YCTOMUMBOCTb CIUSHUS, YTO CHEJaTh COBCEM HETPYIHO.
PekypcrBHasI CTPyKTypa ajlrOPUTMa aBTOMAaTUUYECKU TIPUBOIUT K WHAYKTUBHOMY JTOKa3aTeIbCT-
By ycroitunBoctv. Ho mst peanuzaiium OBICTPO COPTUPOBKM C MCMOJIB30BAHMEM MAacCHUBOB HET
O0YEBUIHOTO IIPOCTOro criocoba pa3doueHus (aiiaoB, 00eCeurBaloIIero yCTONYMBOCTb, TaK YTO
YCTOMYMBOCTD UCKITIOYAETCS €Ile 10 BCTYTUIEHUS B IEJIO peKypCcHUU. XOTsI IPUMUTHBHAST peain3a-
1UsT OBICTPOI COPTUPOBKHM JUTSI CBSI3HBIX CITUCKOB SIBJISIETCS] YCTOMUMBOM (CM. yripaxkHeHue 7.4).

Kak ObL10 mokazaHo B IJIaBe 5, aITOPUTMbI C OMHUM PEKYPCHUBHBIM BBHI30BOM MOTYT OBITh
CBeIeHBI K IIUKITY, HO aJITOPUTMBI C IByMsI PEKYPCUBHBIMU IIMKJIaMU, HAIoa001ue COPTUPOBKH
CITUSTHYEM WJIKM OBICTPOI COPTUPOBKHU, OTKPBIBAIOT IBEPh B MUP aJITOPUTMOB BUIIA “pasnensii u
BJIACTBYii” U IPEBOBUIHBIX CTPYKTYP, K KOTOPOMY MPUHAMIEKAT U HAILIU JyYIlIUe alTOPUTMBI.
CopTHpoBKa CIUSIHUEM U OBICTpasi COPTUPOBKA 3aCTYKMBAIOT TIIATETLHOTO M3YYEHUST HE TOJTb-
KO M3-3a UX BaXXHOT'O MPaKTUYECKOTO 3HAYCHUsI, HO U TIOTOMY, YTO OHU TTO3BOJISIOT JIyYIIIe ysiC-
HUTDb CYITHOCTh PEKYPCUH IJIS1 pa3pabOTKU U MMOHUMAaHUS APYIMX PEKYPCUBHBIX aJITOPUTMOB.
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YnpaXxHeHusa

@ 8.45. [lonmycTuM, COPTUPOBKA CIMSIHUEM peaju30BaHa TaKUM 00pa3oM, UTO pa3bueHue
(baiina BeIMOMHSIETCST B npou3eoabHOM MECTe, a He TOUHO B cepenuHe ¢aiina. CKOJIbKO B
CpeHEM CpaBHEHMI BBITIOJIHUT 3TOT METOJ JIsl ynopsinodyeHust N 3JieMeHTOB?

® 8.46. [posenute aHanm3 3(pHEKTUBHOCTU COPTUPOBKU CIUSHUEM TIPU YMOPSIOYECHUU
ctpok. CKOJIbKO B CPeTHEM CpaBHEHMII CUMBOJIOB BBITIOJHSIETCS TIPU COPTUPOBKE OOJIb-
moro ¢aitna?

e 8.47. IpoBenure SMIUPUUECKUE UCCICTOBAHUS 110 CPABHEHUIO TTPOU3BOAUTEIBHOCTH ObI-
CTPOil COPTUPOBKM CBSI3HBIX CITUCKOB (CM. YIpaxkHeHue 7.4) U HUCXOJsIIEeil COPTUPOBKM
CJIMSTHUEM CBSI3HBIX CITUCKOB (Iporpamma 8.7).



